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Reminders



Reminders

A process (X, F)n is a martingale (res. sub-martingale,
super-martingale) if

o F, is a filtration and (X,), is adapted to (F,)x

o Vn € Z,, X, is integrable

e Vn€Zy :E[X,41|Fn] = Xn (vesp. > X,,, <X,,.)

Proposition

1. Let (X,,F,) be a sub-martingale

2. Let ¢ : R — R be convex and non-decreasing.

IfvneZ, : IEH(;S(Xn)H < 00, then (¢(X,), Fn)n is a sub-martingale.




Reminders

Let (F,)n be a filtration. A random variable T taking values in

Zy U {oo} is a stopping time (or optional time) if
Vn€Zy: {T =n} € F,.
v

Let (Q, F, (Fn)n,P) be a filtered probability space. The o-field
generated by a stopping time T is

fT:{Aefwkez+;Am{T:k}efk}.

.




Reminders

o A random variable T' with values in Z, U {co} is a stopping time
if and only if {T <n} € F,,Vn € Z.

o If (X, Fn)n is a stochastic process and B is a Borel set, then
T=inf{n€Z+:Xn€B}

is a stopping time.
o If 77 and 75 are stopping times, then so are 773 ATy and T3 V T5.
o If T1 S TQ, then ]:Tl Q .FTQ.

o If T'is a stopping time, then 7" is Fp-measurable.

.




Reminders

Let (X, Fn)
finite or infinite. Then (X AT, J’-"n)neZ+ is also a submartingale, as is

nez, be a submartingale, and let 7" be a stopping time,

(Xn/\T7 -Fn/\T)HGZ+ .

Let (X, Fn)
(Xn/\T,fn)neZ+ and (Xn/\T,fn/\T)neer are also martingales.

nez, be a martingale, and let T' be a stopping time. Then

To show that (X,a7)n is a martingale, is suffices to show that (X,,),
is a martingale and 7' is a stopping time!



Doob’s optional sampling

theorem



Doob’s optional sampling theorem

Let X = (X,),, be a F,,-martingale (resp. super-martingale) and T be
a stopping time. If one of the following three properties holds

(Al) T is bounded a.s.,
(A2) T is finite and X is bounded a.s.,
(A3) T is integrable (E(T) <oo) and 3¢>0:sup | X, —X,—1| < ¢ as.,

then

E(Xr) =E(Xo) (resp. E(X7) < E(Xp)).

.

Interpretation: Under some conditions, there is no strategy that
can transform a fair game into a profitable one (such that
E(X71) > E(Xp)) using only the information available so far.



Elements for the proof

Let (X,,)n be a stochastic process such that
o There exists a random variable X, such that X,, - X a.s.

e There exists an integrable random variable Y independent of n
(called dominating random variable) such that

Vn€Zy | X, <Y a.s.

Then lim,,_, o E(X,,) = E[X].




Generalization under Assumption (A1)

The previous theorem under Assumption Al (7" is bounded a.s.) can
be generalized as follows.

Let (X, }"n)nez+ be a sub-martingale, and let S < T be bounded
stopping times. Then (Xg, X7) is a sub-martingale relative to the
filtration (Fg, Fr).

To understand this result, define

Yo=Xs, Go=Fs
Y = Xr, G =Fr.
The theorem says that (Y, Y1) is a submartingale adapted to (Go, G1),

which implies
E[Xr|Fs] > Xs.



Connection with Doob’s sampling theorem

Link with Doob’s sampling theorem under Assumption A17

e The previous theorem holds for super-martingales as well, so it
holds for martingales.

e Apply this theorem in the martingale case with S = 0, to
conclude E[X7|Fo] = Xy, hence E[X7] = E[X,].



Generalization under Assumption (A2)

Doob’s optional sampling theorem under Assumption A2 (T' < co and
X is bounded a.s.) can be generalized as follows.

Let (X, Fn)
finite stopping times. Then (Xg, X7) is a submartingale relative to
the filtration (Fg, Fr).

<z, be a bounded sub-martingale and let S < T be
n€ly

Doob’s optional sampling theorem under Assumption A2 is again a
special case where S = 0.



Elements for the proof

o E[X]F] is the G-measurable random variable Z such that
VAeG: /XdIP’:/ZdP.
A A
o If X, Z are F-measurable, then

X<7 = VAE}':/XdIP’S/Zd]P’.
A A

e Let T be a stopping time, A € Fr and m < n, then
AO{T:m} EIT/\n-
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Generalization under Assumption (A2)

The previous corollary requires that X be bounded. We can extend it
to processes that are bounded on one side only.

Let (Xn, Fn),ez, be a < 0 submartingale (resp. > 0 supermartingale)
and let S < T be finite stopping times. Then (Xg, X7) is a
submartingale (resp. supermartingale) relative to the filtration

(Fs, Fr).

Warning: This does NOT imply that a non-negative martingale

remains a martingale under optional sampling.

Counter example?
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Counter example

Let Y7,Y5,. .. “ Ber(p) and define
n Y

X, ;:HJ, X = 1.
=1 P

This defines a martingale with respect to (o (Y1,...,Yn)),ez, (Why?).
Let S =0 and T :=inf {n : X,, = 0}, which are almost surely finite.

Then Xg =1 while X7 =0, so (Xg, Xr) is not a martingale.
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Elements for the proof

Let (X,,)n be a sequence of non-negative (resp. non-positive) random
variables.
Suppose that, Vn € Z4 : X411 > X,, (resp. X,,11 < X,,). Then it
holds that
E { lim X} — limt E[X,]
n—r oo n—roo

e E| Jimd Xa] = limd B,
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Application: Gambler ruin’s

problem




Gambler’s ruin

A player starts with xg euros and earns or looses €1 at every step.

Question: let a,b be integers such that a < o < b. What is the
probability that the gambler reaches a before b7

k
ii 1
For any k € Z, let X = x9 + ZYi where Y; A(}Rad (5)
i=1
Example: if a = 0, the player is ruined. Probability that they are
ruined before reaching a target b7
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Gambler’s ruin

Let (Fy) be the filtration generated by (X,,)

n€ly nely "

Now define the finite stopping time

T:=inf{n>0:X, =bora}

Now (Xy),,cz, is @ martingale, so the stopped process (Xnar),ez, is

also a martingale, that is bounded by a and b.
We can apply the the stopping theorem to the stopping times S = 0
and T : (Xo, X7) is a martingale.
zo = E[Xo] = E[X7] = pE[X7p| X1 = a] + (1 — p)E[X 7| X = 0]
=pa+ (1 —p)b.

b—mg

Hence p = 51
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Gambler’s ruin

How long does it take to hit a or b7 Let’s compute E(T).

First, we claim that (Z,,) given by Z,, := X2 —n for all n, is a

martingale. Indeed,

nesy’

E[Zpt1 — Zn | Fu) =E[X2,1 —n—1-X2+n|F,]
_E [(Xn+1 — X)) 42X, (Xpp1 — Xn) — 1| Fo

Now (X411 — Xn)2 =1, so the above term is equal to
2K [Xn (Xn,+1 - Xn) ‘ ]:n] =2X,E [Xn+1 - Xn | ]:n] =0

since X is a martingale. This verifies the claim.
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Once again we apply the system theorem to the bounded stopping
times S =0 and T'A N for a integer N. Thus

2§ =E[Zran]) =E [XZ,y — T A N]
so that for each N

E[T AN] =E [X3,y] - 23 (25)

As N — oo, we have T AN — T and Xp,n — X7 boundedly, since
a < Xpan < b, so we can take limit on both sides, using monotone
convergence on the left and bounded convergence on the right. Thus
E[T] = E [X%] — 23. We found the distribution of X7 above, so we
see this is equal to

To—a,5 b—x 5 o

b—ab+b—aa xg = (b—x0) (o — a)

Thus E[T] = (b — x0) (¢ — a).
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What if b = oo? lL.e., the gambler keeps playing until they hit 0.
As b1 oo, we have T+ T, =inf{n: X,, = a}.

By monotone convergence, we deduce (recall that zo > a)

E[T,] = lim (b— 1) (20 —a)=+x

b—+o0

The gambler will eventually go bankrupt (namely T, < +o0 a.s., as
we will see later on), but it will take infinite expected time!
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The maximal inequality



Recall (Chebyshev): AP[|X| > A\] < E[|X]].

Martingales satisfy a similar, but much more powerful inequality.

Let (Xn),e[o,n7 be @ non-negative submartingale. Then

)\IP’[ max_ Xp > )\} <E[Xy]
n€e0,N]

Remark: If (Xn),,cpo,ny is @ martingale, (| Xnl),,cpo np I8 @
non-negative submartingale, and we have

AP [max,epo,n] [Xn| = A] < E[|Xn|], which is the extension of
Chebyshev’s inequality we mentioned above.
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The upcrossing inequality



Let zg,z1,...,2zx be a finite sequence of real variables. Define the
number of upcrossings of an interval [a, b] as the number of times the
sequence goes from below a to above b.

Set ap := 0,

inf{n < N:z, <a}
a1 =
N +1, if there is no such n

and for k > 1,

inf{n > ay :z, > b}
N +1, if there is no such n

N +1, if there is no such n
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If B, <N then z,,<a<b <xg,: upcrossing of [a, b] between aj, and Sj.

Definition (Number of upcrossings)

The number of upcrossings of the interval [a,b] by the sequence
X0, L1, ..., 2N 18 vy (a,b) :=sup{k € [0, N] : Br < N}.

Definition (Number of upcrossings by a process)

Let (Fn),cpo,n7 be a filtration and (X,),,c[o, 7 be adapted to it.

We define vy (a,b) as the number of upcrossings of [a, b] by (X, )n-

21



Theorem (Upcrossing inequality)

Let (Xn, Fn)nepo,ng Pe a submartingale and let a < b be real
numbers. Then the number of upcrossings satisfies

E[(Xy —a),]

E [vi(a, )] < ——

Let (X,,)n be (Fn)n-adapted.
1. (Exercise 2.7) If S is a stopping time and B C R is a Borel set,
then T' = inf{n > S : X,, € B} is a stopping time.
2. If (X, Fn)n is a submartingale and a < 8 are a bounded
stopping times, then E[Xg — X,] > 0.
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The above result extends to an infinite parameter set. If
X = (X7l)71,EZ+
Then the upcrossing inequality extends to the following.

is a process, define v (a,b) := limy_ o vn(a,b).

Let (X, F) := (Xn, Fn)
numbers. Then the number of upcrossings v (a,b) of [a,b] by X

7. be a submartingale and let a < b be real
n€Zy

satisfies
supyez, E [(XN = a)+]
b—a

E [veo(a,b)] <

23



Reminders for the proof

(Monotone Convergence Theorem)

IfVvneZ; : X1 > X, > 0 and X, is measurable, then

E { lim 4 Xn} = limt E[X,]
n—oo n— oo
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Martingale convergence




The results on the upcrossing numbers allow us to obtain this
important martingale convergence theorem.

Theorem (Martingale Convergence Theorem)

Let (X, Fn)

nehbe a submartingale and suppose that

sup E[|X,]] < oo.
nely

Then there exists a finite integrable r.v. X, such that

lim X, = X a.s.

n— oo

Thus, to show convergence of a (sub/super-)martingale, it suffices to

show that its absolute expectation is bounded.

25



Reminders for the proof

1. If Z >0 and E(Z) < 0o then P(Z = 00) =0, i.e. Z < o0 a.s.
2. The set Q2 is countable

3. If 7 is countable and (A, )nez € 07 is a sequence of measurable
events, then

JP( U An) <Y P(4,).
nezl nezl

4. (Fatou’s lemma) If X,, € [0, 00] for any n € Z, then

E [liminf X,,] < liminf E [X,]
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A non-negative supermartingale and a non-positive submartingale

converge with probability one.

Application: Gambler ruin random walk (X,,)
without proof that (X,,),
any finite interval. Let us show that for any a, there exists

n € Zysuch that X, < a.

nEZy We stated

;. eventually reached the complement of
N )

27



Application: Gambler’s ruin

Consider the stopping time 7' = inf {n : X,, <a}. Then (X,,)
martingale, Xy = zo, and | X,,41— X,| = 1,Vn € Z.

nez, 1S a

The process (X,a1) is a martingale and X,,o7 > a A xg, so it

nely
converges a.s. by the Martingale Convergence Theorem.

This imposes T' < oo, since |n < T — ’Xn+1 — Xn‘ = 1}, SO

convergence is impossible on the set {T' = co}.

But if T' < oo then Xp < a, so the process eventually goes below a.
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Gambler’s ruin

It is a rather easy consequence of this to see that (Xn)nGZerust visit
all integers, non-negative or negative.

In fact, it must visit each integer infinitely often, and with probability

one, both liminf,,_,. X, = —oo and limsup,, ., X, = +00.

29



Convergence in L?




Boundedness in 2

A martingale M = (M,,),, is bounded in L? if sup E [M?] < +o0.

We start by showing the following proposition

Proposition
Assume (M,,),, is bounded in L? and let AMy = M;, — Mj,_; for any
ke{l,...,n}. For any n € Z,, it holds

E(My) = E[Mg] + zn: E[(AM;)?]
k=1

Thus (E(M?)),, is non-decreasing and bounded, hence it converges.
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Boundedness in 2

For k > 1, we define the increments by AMy = My, — M.

For 1 <i < j, we have

E[AM;AM;] =0

This implies

E[M2] =E [MZ]+) (AMy)?
k=1
which proves the convergence of the sequence (E [M?] )n to a finite
positive value. This observation will be crucial to prove the following
theorem.
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Convergence in L?

The following theorem states that a martingale bounded in L?

converges in L2.

Let M = (M,),, be a bounded martingale in L?. Then, there exists a
square-integrable random variable M., € L? such that

lim E [(Mn - Moo)ﬂ —0.

n—r oo

o A sequence (X,,), is a Cauchy sequence in L? if
Ve>0 IneN, Vp>n: E[(Xp—xn)z] <e.

o L?is a Hilbert space, i.e., any sequence of random variables

(X,)n converges in L? iff it is a Cauchy sequence.
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We show (M,,), is a Cauchy sequence in L2. For any integers n < p,
E [(M, — Mp)?*] = E(M7) +E(M]) — 2 E [M,M,]
——
—E[E[M, M, |F,]]
— B(M?) + E(M2) — 2E [Mn E[M,) ] }
———
=M,

=E(M2) - E(M2).

Let £ = lim E(M?2). Fixe > 0and N€ Ns.t. Vn> N, |[E(M2) —{| <e.

n—oo
Then Vn,p> N, [E(M2)—E(M2)| < [E(M2)—¢| + |¢ — E(M2)| < 2e.

Thus, (M,,), is a Cauchy sequence. Since L? is a Hilbert space,
(M,,),, converges in L2
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Uniform integrability




Reminder

Last time, we saw that a submartingale bounded in L' converges a.s.

Theorem (Reminder: Martingale Convergence Theorem)

Let (X, Fn)

nehbe a submartingale and suppose that

sup E[|X,]] < oo.
nely

Then there exists an integrable r.v. X, such that

lim X, = X, a.s.

n— oo

Now, we will see a stronger condition (uniform integrability) to obtain

L' convergence.
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Uniform integrability

Uniform integrability is a strengthening of sup E[|X,|] < co.
n€Zy

A sequence X = (X,,),, of random variables is uniformly integrable if

Jim supE [|Xp|1}x,>c] = 0.

Remarks (to check as exercises):

e A finite family of integrable random variables is uniformly
integrable.

o If (X,,), is bounded in L?, then it is uniformly integrable.

o If (X,), is uniformly integrable, then sup,, E|X,,| < cc.
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Characterization of uniformly integrable random variables

The next proposition characterizes uniform integrability.

Proposition

The following assertions are equivalent
1. (X,)n is uniformly integrable.
2. sup,, E[|X,|] < co and for any € > 0, there exists > 0 such that

P(A) <n = supE[|X,|14] <e. (1)

V

In what follows, we will only need (1) = (2), but we include the proof
of (2) = (1) for completeness.
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Suppose X = (X,,),

n

is uniformly integrable. There is ¢ > 0 such that

supE UXn| 1‘Xn|2(3} <1.

Then, we have

E[|Xnl] E[| X0 1x, 5] +E [|Xn| Lix,1<e] < 1+c

Hence, sup,, E[|X,,|] < cc.
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Moreover, for any event A,

E[|Xn|1a] =E [|Xn|1a1x,5¢] + E [|Xn|141x, <c]

For € > 0, there exists ¢ such that

SllpE [|Xn‘ 1A1|X,,,\2c] <
n

o™

Therefore, we have E [|X,,|14] < § + cP(A).

Choose 7 = 5 to obtain E[|X,|14] <e.
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Conversely, suppose X = (X,,),, is bounded in L' and satisfies (1).

By Markov’s inequality, we have P (| X,,| > ¢) < %

Hence, given € > 0 and 7 > 0 given by (1), we have for ¢ > %,

supE [|Xn\ 1|Xn\2c} <e.

This concludes the proof.
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Convergence in L'




Convergence in L'

We now state the main result regarding L' convergence.

Proposition

Let X = (X,,),, be uniformly integrable. Then, (X), converges a.s.

and in L' toward an integrable random variable X.

A

o (Fatou’s lemma) If ¥n € N: X, € [0, 00|, then
E[limninf X, < limninf E[X,].
e Almost sure convergence implies convergence in probability.
o If (X,)n is uniformly integrable, then
Ve>0,3dn>0,VAeB: |P(A) <n— sup]E[|X,L|1A] <eg|.
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(X,)n is UL hence bounded in L', so (X,), converges a.s. to a
random variable X. Let’s first prove that X is integrable.

By Fatou’s Lemma, since Vn € Z : | X,,| € [0, 00] we have
E[|X[] =E {Iim|Xn|} < liminf E [|X,|] < supE[|X,]] < oo

hence X is integrable.

Let’s now move to the L' convergence. Letting ¢ > 0, we have

E HX’n, - XH < E [|XTL - X| 1|X,,L7X|2€] +e€.
< E[(1Xnl + X)L 1x,-x|>¢] +¢
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Since X = (X,,)
(|1X,| 4+ | X])p is uniformly integrable, hence there exists > 0 such

,, 15 uniformly integrable and X is integrable,

that for any event A
P(A) gn:>IE[(|Xn|+\X|)1A} <e. (1)

Since X, =% X, we also have X, i> X, hence we can fix N € N
such that for any n > N, we have P (|X,, — X| >¢) <.

Given (1), we then have for n > N,
E[|X, - X|] <E[(|Xa] + |X])1jxi2e] +¢ < 2.

This concludes the proof.
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Concluding remarks

Assume further that the martingale (M,,), is bounded in L2.

We have seen that it is also uniformly integrable, so we have the
following corollary.

If (M,,), is a martingale such that sup,, E[M?2] < oo, then (M,,),
converges in L', L? and almost surely.
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Application: Martingales and

arbitrage




Problem statement

Goal: prove the simplest version of the fundamental theorem of
mathematical finance which links a concept of finance (arbitrage) and
a mathematical concept (martingales).

Let (Q, F,P) be a finite probability space with F = P(Q).
We assume P(w) > 0 for every w € Q.
We endow §2 with a filtration ()<< n-

For simplicity, we assume that Fy is trivial: Fo = {&, }.
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Problem statement

Definition (Reminders)

A sequence (X,,),, of real-valued R.V. is adapted (resp. predictable) if

for every n € Z., X,, is Fp-measurable (resp. JF,,_1-measurable).

Let (Mp)y<,<n be a martingale and (Hy),, be predictable w.r.t. the

filtration (Fy)g<,<n-

The stochastic integral of (M,,),, w.r.t. (Hy,), is the process (X,)n
defined by

X, =Xo+ ZHk (Mg — My—1)
k=1

where X is Fp measurable, i.e., X is constant.

.
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Properties

Suppose that, for any n € Z, H,, is bounded a.s. and let (M,,),, be
an integrable and adapted process. Then

1. (X,),, is a martingale w.r.t. (F,)

2. (M,),, is a martingale w.r.t. (F,)
process (H,),, such that each H, is bounded a.s., we have

N
E (Z Hy (My, — Mk1)> =0.

k=1

n*

iff for every predictable

n

3. Let (Z,),, be iild with E (Z;) = 0 and var (Z;) = 1. Setting
M, =27y+...+ Z,, we have

k=1

E (i Hy (M — Mk1)> =E

k=1
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1. (Xp)n is clearly F,-adapted. Since Hj, is bounded a.s. for any
k € Z4, we can let Cy > 0 such that |Hy| < Cy, for any k € Z;..
We have

n

E|X,| < E|Xo| + > E[Ci (1Ml + [Mea])] < 00
k=1

since each M, is integrable. Moreover, for any n € Z
E[Xn+1|]:n] =Xn,+E [Hn+1(]V[n+1 - N[n”}—n]
= Xn T Hn-&-l E [(Afn-&-l - ALL”]:?L]

=0

= X,.

Hence, (X,,), is a martingale.

47



2. If (M,), is an F,-martingale and (H,,),, is predictable and such
that each H,, is bounded a.s., we have shown that
(X1 Hi(My — My_y)), is a martingale, hence

N
E (Z Hy (My, — Mk_1)> =0. (2)

k=1
Conversely, assume that (2) holds for any predictable and
bounded (H,),. For any n € Z., let A € F,,_1 and (H)x be
such that H;, = 1,—,,15. Then we have

N
0=E (Z Hy (My, — Mk._l)> =E[15 (M, — My_1)]
k=1
= / M, — M, _1dP,
A
hence E[M,,|F,—1] = M,,—1 by definition of the conditional
expectation.
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3. We have

2
E| > He (Mg — Mk_1)>

N
k=1
N

2
N
Hka> = > E[HvH;ZxZ;]
k=1 g k=1

I
MZA/\

N
E[H,f E[Z2| Fr-1] } +2 ) E [Hkszj E[Zk\]-“k_l]}
Y j<k=1 —

k 1

1

=0

N
D H

k=1

=K

This concludes the proof of the proposition.
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Financial model

We now describe our simple financial market model.

We consider d + 1 financial assets with prices at time n given by
S, =(82,8%,...,89).

n?

The asset labeled 0 is the risk-free asset. Letting r denote the

n

one-period risk-free interest rate, we have SO = (1 + )

We define the discounted value of the asset as S% = E:,
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A portfolio is defined by a predictable process
(¢7L)’H, = ((d)?p ¢1117 0009 QSZ))OS”SN

Here, ¢! is the number of shares of asset i held in the portfolio.

The portfolio value at time n is defined as V;, = (¢,,, S,,) and the
discounted portfolio value as V,, = (Dn, 5’n>.

We now introduce a very important notion.

A portfolio strategy is self-financed if for every n € {0,1,..., N — 1},

we have

<¢na Sn> = <¢)n+17 Sn>




Some useful properties

Proposition
The following assertions are equivalent. Let V) € R be given.
1. A portfolio strategy is self-financed.

2. Vne{l,...,N}: Vo (Vo,0) =Vo+ > ($r, Sk — Sk_1).
k=1

3.Vne{l,....,N}: Vo (Vo,0) =Vo+ D (S, Sk — Sk1)-
k=1

.




(1) = (2). Suppose the portfolio strategy is self-financed. Then, for
any n € {1,..., N}, we have

n

Voo = (¢n, Sn) = (00, 50) + > {6k, Sk) — (bh-1,Sk—1)

=V k=1 =(bk,Sk—1)

=W+ Z<¢kvsk — Sk—1)-
k=1

The proof of (1) = (3) is similar.
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(2) = (1). From (2), we have for any n € Z:
‘/71+1 - ‘/71, = <¢n+17 S71,+1 - Sn>a i@ ‘/7L+1 - ‘/n + <¢n+1a Sn+1 - Sn>
This implies

<¢n+17 n+1> <¢n n> + <¢n+17 Sn+1 - Sn>

<¢n+13 S’n> = <¢n7 Sn>a

by rearranging the terms. The proof of (3) = (1) is similar.
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Arbitrage

Moving forward to the notion of arbitrage, we introduce a second

notion regarding portfolios.

A portfolio strategy is admissible if it is self-financed and satisfies
V., >0forne{0,1,...,N}.

The notion of arbitrage (making a profit without running a risk) is
then defined as follows

A portfolio strategy is an arbitrage if it is admissible with V5 = 0 and
P(Vx > 0) > 0.




Fundamental theorem of mathematical finance

A financial market is arbitrage-free if and only if there exists a

probability measure P* under which the discounted asset prices are
martingales.

We split the proof into two parts: Necessary and sufficient condition.



Sufficient condition

Assume that the discounted prices S’; are martingales under a
probability P*.

Proposition

Any discounted portfolio is a martingale under P*. It follows that
Vo = 0 implies Viy = 0 and, therefore, the market is arbitrage-free.




Suppose (V) is a martingale under P*.

Since by definition, we have V,, > 0 a.s., we have both EVy = EV, =0
and VN >0 a.s.

This imposes that Vy = 0 P* a.s.
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Necessary condition

Let T' be the set of nonzero positive random variables. I is a convex
cone, and a market is arbitrage-free if

Vo=0—Vn(0,0) ¢ T

1

ny e

For any predictable strategy ¢, = ( . qﬁﬁ), we define the process

of discounted profit and losses as follows

n

Gn(®) =Y (ks Sk — Sk-1)

k=1

Observe that for any admissible portfolio strategy ¢, we have

Gn(¢) = Viu(Vo, ¢). Therefore, if the market is arbitrage-free then
Gn(¢) ¢ T for every admissible portfolio ¢.
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Necessary condition

We now define the subspace G of R9 (set of real-valued random
variables defined on ), which consists of the random variables of
type Gn(¢) with ¢ predictable with values in R?.

If the market is arbitrage-free, we deduce from above that G does not
intersect the convex compact set K ={X eI' | }_ X (w)=1}.

Let d € N, V be a linear subspace of R¢ and K € R¢ be compact and
convex. If KNV = @, then there exists a vector A € R? such that

YoeV, (\,v) =0 and VzekK, (\z)>0.
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For any z € R?, let d(z,V) := argmin ||z — v|| (distance from = to V).
veV

Recall that d(-,V) is continuous. Since K is compact, d( -, V') attains

its minimum over K, so we can fix xg € argmind(z, V) # @.
reK

Then we have d(zg, V) = ||IIy 1 (zo)|| where Iy 1 is the orthogonal
projector onto V.
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Let 2 € K and define ¢(t) = tx + (1 — t)z0, Vt € [0, 1].

Since K is cvx and x,x € K, we have ¢(t) € K,Vt € [0, 1]. Consider
2
v = ||y (o) || = d(o(t), v)*.

This function is differentiable and we have

W (t) = 2<HVL(¢>(t)), ¢>’(t)>, hence  /(0) = 2<Hw(xo)7 - 10>
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By definition of zy = argmin d(y, V'), we have
yeK

P(t) = d(6(t),V)? > d(z0,V)* = 4(0), ¥t e[0,1].

It follows that ¢’(0) = }llim M > 0, that is

<Hvl(mo),$ — x0> >0
<= <HV¢(:E0),$> > <HvL(£UU),IEO>

o o)+ oo

= [ty (e
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To conclude the proof, it suffices to let A = HvL(Jfo).
Indeed, we have A € V1L ie. Yo € V : (A, V) = 0, as desired.

Moreover, we have A # 0 since ||A|| = d(xg, V) where zy € K and
KNV =g.

Lastly, we have proved that for any x € K,
O\ z) = <HVL(:CO),3;> > |[TTy« (o) ||* = N> > 0

since A # 0 as argued above.

This concludes the proof.
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Necessary condition

We now apply the previous lemma to the linear set V' = G and the
compact set K ={X eTI'| > X(w)=1}

There exists (A(w)), such that
LVXeK:) AMwX(w)>0
2. for all predictable ¢,

3 A@)Gn(9)(w) =0

Therefore, we can construct a probability measure P* defined as

P* (wo) = A (wo)

2w AW)

under which the discounted asset prices are martingales.
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The existence of A and thus of P* follows from the previous
proposition.
Now, we have found a probability P* independent of ¢ such that, for

any predictable process (¢, )n, we have

n

Z<¢k,gk — Sk_1)

k=1

Ep« =0.

We have seen that this implies that (S,), is an (F,, P*)-martingale.
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An application

Let’s consider a special case. Let (Z,),.,,«y be i.i.d. and such that
p=P(Zi=h)=1-P(Z,=1) withh>1>¢>0.

Assume the market has only one risky asset (Sp)y<, <y and one

riskless asset SO = (1 + 7)™

Let Sy > 0 and, for any n > 1, define S,, = SoZ; ... Z,.

Proposition

1. There exists a unique probability measure such that (g")o <N
is an F,,-martingale. -

2. There exist a value V) and a strategy ¢ such that

Vv (Vo,9) = (Sv — 1)

The value Vj is the value of a call option with strike price 1.

67



(Sp)n is a martingale if, and only if,

Vn e {0,N —1}: E[S,11]|F] = Sn

Sn Sh,
" R(Z,q|F, = —
(14 r)ntt [Znt1]Fnl (1+r)n

!

E[Zpp1|Fa] =1+7

e
<~ ph+(1—-pl=1+r
— o 1+r—4

- h—t

Hence, there exists a unique probability measure such that (S,),, is

an JF,-martingale.
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Let n € {0,...,N —1}. For any n € Z,, we must have
Vat1 = Vo = (nt1, Snt1 — Sh).
We define
Vit = (@n1,Snh = Sp)  and - Viiy = (dns1, Snl = Sp).

We let ¢, = (an,by), so that the portfolio value at any time is
Vi = @S2 + b, S,,. Then we have

A . VnT,+l Vni‘f‘l
‘/7L+1 - Vn+1 = bn—&-lSn(h’ - f) hence bn+1 - Sn(h — E)

Moreover,

VnT+1 —bpy1Snh VﬁL+1
0 - 0
Sn+1 SnJrl

Ap4+1 =
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We have constructed a predictable process ¢ = (dn)n = ((an, bn)n)
such that

n
Vn€Zy:Vo=Vo+ Y (¢k, Sk — Sk-1)
k=1

hence the strategy is self-financed, as proved above.

e vi-vi Vi
It suffices to initialize ¢ such that by = #(hf[) and ay = 5 and

- B N

define (a,, b,) backward recursively.
Since (S,,), is an (F,,, P*)-martingale, we may set

Vo = Ep- [Viv] = Ep- {W} :
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