Stochastic methods for optimization and sampling

Exam 2025

The precision and conciseness of the justifications are part of the evaluation. All exercises are independent
and can be addressed in the order of your choice. Within a specific exercise, some questions may depend
on the answers of the previous ones. If you did not solve a given question, you may still use its result in
subsequent questions. It is not necessary to have completed all the questions to get an excellent grade.

Exercise 1: MCMC

Let p and ¢ be two probabilities on a finite state space E, with 0 < p(x) < cq(z) for some constant ¢ > 0.
Let (Y,)n>0 be independent random variables with the same distribution g. We define a sequence of random
variables (X,,)n>0 as follows:

e X, is a random variable with distribution ¢, independent of the sequence (Y;,)n>0;

e X, 1 is defined from X,, by drawing a random variable U,, uniformly on [0, 1], independent of the
other previously defined variables, and we define

Y,
Xopgr = Yor it U, < 2Hn1)

CQ(YnJrl)

p(YnJrl)
CQ(YH-&-I)'

1. Justify that the sequence (X,,),>0 is an irreducible Markov chain (short answer expected).

Xpi1 =X, if U, >

The law of X,,11 only depends on the value of X,,, so the sequence of random variables (X,,), forms
a Markov chain.

Moreover, for any two states z,y € FE, assuming X,, = x, the probability of transitioning from z to

y is at least the probability that Y,1; = y and that the transition is accepted, that is U, < C”q ((yy)).
p(y) :

) by assumption. Hence, there exists a
non-zero probability path of 1 between any two states x,y, which ensures the chain is irreducible.

Both events have a positive probability, since ¢(y) > 0 and

2. Show that the transition probability P(z,y) = P(X,41 = y|X,, = x) of (X,,)n>0 for z,y € E satisfies
p(y) ifr £y

1-- ! therwise.
CZp(x) otherwise

Let x,y € E be such that x # y. We have

P(.%‘,y) = IP><)(n+1 = len = x)

p(Yoi1) )
=P (Y, = dU, < ——= | X, ==x
( v " cq(Yny1) o
=P (Yn+1 =y and U, < PW) ’Xn = x)
cq(y)
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Now, if y = x, we use the property » ., P(x,z) =1 for any z € E to obtain

P(z,z)=1- % Z p(x).
rH#z!

. What is the difference between this sampling procedure and the rejection method?

In the rejection method, we define iid random variables (Y;,),, with probability distribution ¢ satisfying
p < ¢q for some ¢ > 1 and iid uniform random variables (U, ), on [0,1]. We keep the Y;,’s such that
U, < % and discard all the other ones, which yields a sequence of iid random variables with
distribution p. In contrast, the algorithm studied here defines a Markov chain, not a sequence of iid

random variables. The random variables (Y},), also represent proposed samples that are accepted or
rejected based on whether U,, < % is true or not, but when a sample is rejected, the Markov
chain remains at the current point.

. Recall the Metropolis-Hastings algorithm and discuss the differences with the algorithm studied here.

To sample from a target probability density p, the Metropolis-Hastings proceeds by defining an auxiliary
Markov transition matrix @ and iterating the steps outlined in the pseudo-code below

Algorithm 1: Metropolis-Hastings algorithm

(a) Initialize X according to any initial law;
(b) For ¢ from 1 to n,
Draw Y; ~ Q(Xi-1,")

) p(Yi)Q(Yi, Xi—1) V.
IfU; < PG DO 1Y) then X, =Y;

Otherwise, Xl = Xi—l
(¢) Output (Xo,...,Xn).

In the Metropolis-Hastings algorithm, the law of the random variable Y,, 11 depends on X;_; in general.
The special case where it does not, which is equivalent to the sequence (Y},),, being iid, is when Q(x, -)
does not depend on x, that is, when (@ is of the form

But in this case, the acceptance ratio of the Metropolis-Hastings algorithm can be written as

min <1 pYi)Q(Yi, Xi1) > _ p(Yi)q(Xi—1)
7p(Xi—1)Q(X,‘_1’Y'i) p(Xi—l)Q(Y;)’

which is different from the acceptance ratio of the algorithm studied in this exercise.

. Show that p is the stationary probability measure of the chain, that is Zye g Py, z)p(y) = p(x), for
any x € F. Is the chain reversible?

We directly show that p is reversible, which implies that it is stationary. We have for any x # y:

2 _ ) 22)

- = p(y)P(y, z),

p(x)P(z,y) = p(x



If z = y, then the relation p(x)P(z,y) = p(y)P(y, x) is clear. Therefore, the Markov chain is reversible,
hence stationary.

6. Deduce an estimator p(z) of p(z) for any € E and justify its almost sure convergence toward p(z).
For any x € F, we define

p(x) = %Z 1{X, = z}.

i=1
The Markov chain X, is defined on a finite space and is irreducible, and p is its stationary measure.
Therefore, by the ergodic theorem, we have that

1 n

p(x) = - Z X, =z} &% 1{z = z}p(z) = p(z).
i=1 2€E

Exercise 2: Mini-batch SGD in the interpolation setting

Let n,d > 1 be integers, and consider the optimization problem

n

. 1 d
min F(9), where F(f) = ; fi(6), VoeR (1)

for convex and differentiable functions f;. In modern machine learning, a special case of the optimization
problem above has gained considerable importance in the past few years. Specifically, it corresponds to the
following restriction for the functions f;.

Assumption A (Interpolation setting): there exists a vector 8* that minimizes all the functions f;
simultaneously:

30" e R, Vie{l,...,n}: Vfi(8") = Oga.

It is immediate that the vector 8* from Assumption A is also a solution to the optimization problem (1).

Notation. For any subset v C {1,...,n} of cardinality m, we write for ease
1
fv = E Z fi-
1€V

In particular, if m = n and v = {1,...,n}, then f, = F. We recall the pseudo-code below

Algorithm 2: Mini-batch SGD
Start from 6, € R%.

Until termination condition, iterate

Draw a subset vi11 € {1,...,n} of cardinality m u.a.r., independent of the past
0k+1 = 0/6 - '7va;€+1 (ak)
v
=0 — — i(0k))-
(= 0k - > Vfior)

TEVK41

The exercise aims to study the performance of the mini-batch SGD algorithm in the interpolation setting.

Theorem 1. Let B, A\, u > 0 and assume that
1. F s p-strongly convex

2. VF is \-Lipschitz



3. FEach V f; is B-Lipschitz
4. Assumption A holds.

Take any constant step size v € (0, m} . Then the iterates of minibatch SGD satisfy

E[|6r — 6"[|* < (1~ )" (16 — 6o|*.

We will also use the following lemma proved in class

Lemma 1. Let h: R — R be such that Vh is L-Lipschitz. Then it holds that

IVh(z) = VA@)|? < 2L(h(x) - h(y)), Yo,y € R

Questions

1. For n = 2, give an example of an optimization problem (1) where Assumption A holds, and one where
it does not (short answer expected).

Example where Assumption A holds: f; = fa.

Example where Assumption A does not hold: f;(x) = ||z||? and fo(z) = ||z — a||? for some a € R? such
that a # 0.

2. Justify that, for any integer k& > 0,
181 — 671 = 10 — 0°1° — 27 (B — 6%,V fursy (01)) + 72 ||V Furss (00|
By definition, we have
101 = 0°° = [0 = 6" =YV fur, (60) |
= ||9k - 9*”2 — 2y <9k - 9*7 vf1’k+1 (ek)> + 72 va1’k+1 (ek)HQ )
3. Writing Ej, for the expectation conditional on 6, prove that:
B[00 — 0" < (1 =) 06 = 6 [° — 24[F (B0) = F (6)] + 7B [V s (60"

(One can use the strong convexity of F: Yo,y € R?: F(z) — F(y) > (VF(y),z —y) + &z — y|*).
We use the strong convexity property of F' with x = 6* and y = 0

Ep||0k1 — 07" = |0k — 6%||° = 27(0k — 6", VF (61) ) + 7°Es. |V funrr (00|

— |0k = 0% ||* + 2(VF (61) ,0" — O1) + V°Ep. ||V forrr 0]

< [j6c = 0*|" + 2y | F(0°) = F(0) = 510" = 00| + 7B [[Viurs (0]

— (1= )| — 67> = 29 [F (6) = F (6%)] + 7B |V fur,r (00)]]°

4. For any m € {1,...,n}, we denote by D,, the uniform distribution over subsets of {1,...,n} whose
va(9)||2. How can one rewrite o2(6)

cardinality is m, and for any 6 € R?, we define o2, (0) = E,up,,
and o2 (#) without expectations and only using sums?

Remark: Note that here we are considering o2,(0), not o2,(0*) as in the first exercise session.



For m = 1, the distribution D,, = D; is the uniform distribution over subsets of {1,...,n} of size 1,

which is exactly the uniform distribution over {1,...,n}. Therefore, we have
2 2
07(0) = Eretmit({1,...n}) || V1) |
1 & 2
-2y wso)
=1
For m = n, the distribution D,, = D,, is the uniform distribution over subsets of {1,...,n} of size n.
There is only one such subset, namely {1,...,n} itself, hence a random variable v with distribution

D,, is equal to the set {1,...,n} almost surely. Therefore,
2
0721(9) = IEv:{l,...,n} vav(e)H
1
—» Vfi(0
=D V1i(®)

1€V
1 n
- ;Vfi(e)

2
= Ev:{l,“.,n}

2

5. Justify that, for any § € R and any m € {1,...,n}, we have

o2 (0) = # Z <Vfi(9),ij(0)>}P’vam (i€vandjewv).

ij—1
‘We have )
7 = Eu, VSO = o, |- S V5:(6)
1EV
1
=E,wp,, [mQ Z (Vf:(6), ij(9)>]

1,jEV
= vaDm |:,ni:2 .Zl <vfz(0)a Vf](0)>1{17] S U}:|
i,j=

- L2 Z <Vfi(9),vfj(9)>]}by~pm (z cvandje v).
ij=1

m

6. Justify that for any integers i, € {1,...,n}, we have

mn ifi=3j
Py,p,, (’L €vandje€e v) =\ mim1) _
n(n=1) if i # j.

If i = j, we have

m
Pyp,, (z cvandje€e v) =Pyop,, (Z € U) -

n
Next, if i # j, we have

Pyop,, (z €vandje v) =P,up,, (2 €ev ‘ ES v) Pyp,, (j € v) = ——



7. Deduce that

o2 (0) = — ( ) ZHVJ% (( HVF ][

n—1

Combining Questions 5 and 6, we obtain

m:m2 Z <v.f7 vfj )> UNDm(iGUande’U)

1,7=1

:% 3 <Vf¢(0),ij(9)>%+%Z||Vf¢(9)||2%

1<i#j<n (
| 3 (TR0 S [T -3 750
1<i,5<n i=1
. =[nr@]’
T #Z”Wﬁ(@)”@
_n(m—1)
- M IO+ e IO
_n(m—1)0_2 n—m 0_2
 m(n—1) "<9)+m(n71) I

8. Using Assumption A and Lemma 1, deduce that

o (0) <2 (F(0) - F(60))

We have

o2, (0) = "M gz mm L) o,

mmn—1)""" mn—1)

= %% Z IV £:(6)]% + ”(Z” - 3 IVF(0)]2

1 —1
=T ZIIsz — V(0] + n(m )HVF(G)—VF(e*)n? by Assumption A

m(n—1)
pom 2 nm =1 o\FO) = F(0") by L |
_m(n 1) nz 25 fl fil )) m(n—l)' (F(0) — F(07)) y Lemma
__n-m_ ey, Mm—1) e
_m(n_l)w(F(a) (6 ))+m(n_1) 2\(F(0) — F(6%))

9. Using Question 3, conclude that if v is chosen as specified in the theorem, then

Bl — 07 < (1~ [0 - o

We study the sign of —2v[F (6) — F (8%) ] + v*Ex ||V fo., (Qk)Hz. We have
- 27[F (ek) - F(G*)] + ’YQ]Ek vavk+1 (ek)H2

6



10.

11.

12.

13.

m(n—1)
B(n—m)+An(m—1)"

bt — 0 < (1 - ) o — 0 +0
= (1= m)llox — 6.

provided v < Hence

Conclude the proof of the theorem.
Applying total expectations on both sides, we get
|2 2
B0ss — | < (1B - -
This relation is true for any k € N. Iterating it, we obtain by induction

E||6) — 6

L= loo — 07|

This theorem shows that minibatch SGD achieves an exponential rate of convergence in the interpo-
lation regime even when m = 1, where the algorithm reduces to SGD. In comparison, what is the
classical rate of SGD for Problem (1) if we only assume that F' is p-strongly convex and L Lipschitz,

but do not assume that Assumption A holds? How should the step size be chosen in this case?
Under these assumptions, the rate achieved by SGD is O(ﬁ), which is much slower than in the
interpolation setting. The step size should be chosen as v = ﬁ7 for some constant C' > 0, whereas

we can take a constant step size 7 in the interpolation setting.

m(n—1)

S X1 T Bn=m) | which value v* yields the fastest convergence?

Among all favorable values v € (0
The convergence guarantee proved in this exercise is E||f — 6%||> < (1 — yu)*||6 — 6o]|2. The rate is
therefore all the more rapid as « is increased, and we should choose

m(n—1)
An(m —1)+ B(n —m)’

*

’y:

Assume that 8 = A\. How does v* simplify? What optimal batch size m* should one choose in this
case to minimize the runtime of the algorithm? How does 7* compare with the optimal step size of
the gradient descent algorithm?
If g = A, then
m(n—1)
An(m —1)+ B(n —m)
B m(n —1)
 Amn—n+n—m)

1

3
Interestingly, the optimal step size, and therefore the rate, no longer depend on m. To minimize
runtime, it is therefore best to choose m* =1 (SGD). Here, the gradient VF is A-Lipschitz, and the
optimal step size is v* = 1/A. It is the same step size we would choose if we were running gradient
descent (that is, if we had taken m = n).

*

’)/:




14.

15.

We are interested in computing the runtime of mini-batch SGD with mini-batches of size m and step
size v* to reach precision ¢ in the interpolation setting. Assuming that computing one gradient takes
1 second, show that the runtime is proportional to

mlog (JV’O—E@*HZ)

log (1 —~*p)

Each iteration requires computing m gradients, and we need to run the algorithm for k,, steps, where

log <||90—E9*||2)
" log (1 =)

The runtime is proportional to mk,,, that is

mlog (H%—EG* \|2>

log (1 —~*p)

mk,, =

Assuming that g is small enough to use the approximation log(1 — v*u) &~ —v*u for any m, simplify
this expression and minimize it as a function of m € {1,...,n}. Note that the result should be different
depending on whether An > 8 or An < . What do you notice? How does the optimal batch size m*
differ from the classical optimal batch size if the interpolation setting is not in force?

Using this approximation, our expression for the runtime can be simplified as

mlog (M)
log (1 —v*p)
og (182°2)
Nt

mlos [ 10=0"1I"
lg( € ))\n(ml)Jrﬂ(nm)
1 m(n —1)

mk,, =

log (||9069*|2>
= B (An(m —1) + B(n —m))

log <||9059*|2>
=T (m(An — B) — An+ fBn) .

The only dependence on m is in the term m(An — 8) — An + fn. To minimize runtime, it suffices to
minimize m(An — 8) as a function of m. If An > 3, we should choose m = 1. Otherwise, we should
choose m = n. We therefore highlight an “all-or-nothing” phenomenon, where m should either take
the smallest or the largest possible value. This is in contrast with the minibatch SGD algorithm seen in
class, where the parameter m controls a tradeoff between fast convergence rate and high per-iteration
cost. As a reminder, the optimal batch size when the interpolation regime is not in force is

2no? (%)
202(0%) + A(n — 1)ep

m* =

which is generally strictly between 1 and n, as seen in the exercise session.



