
Exercise: Convergence rate of Adagrad

For any three vectors a, a′, b ∈ Rd, we define

a⊙ b =

a1b1
...

adbd

 , a⊘ b or
a

b
=

a1/b1
...

ad/bd

 ,

∥a∥2b =
n∑

i=1

a2i bi, ⟨a, a′⟩b =
d∑

i=1

aia
′
ibi

a⊙2 = a⊙ a,

Algorithm 1: Adagrad

1. Pick x0 ∈ Rd.

2. Until termination condition, iterate:

Generate ξk+1 independent of the past

gk+1 =

gk+1(1)
...

gk+1(d)

 = ∇fx (xk, ξk+1)

γk+1(j) =
α√∑k

s=0 g
2
s+1(j)

, ∀j = 1, . . . , d

xk+1 = xk − γk+1 ⊙ gk+1

The convergence guarantees of Adagrad are given in the theorem below.

Theorem 1. Suppose that

1. f(·, ξ) is convex for all ξ

2. There exists x∗ ∈ argminF , where F (x) = E[f(x, ξ)]

3. There exists D > 0 s.t. for all k ≥ 0, for all i ∈ {1, . . . , d} :
∣∣xk,i − x∗

i

∣∣ ≤ D

4. For all x, ξ : ∥∇f(x, ξ)∥ ≤ G.
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Then the iterates of Adagrad satisfy

E
[
F (x̄K)− F (x∗)

]
≤ dG√

K

(
D2

α
+ 2α

)

where x̄K = 1
K

∑K−1
k=0 xk.

1. Justify that f (xk, ξk+1) − f (x∗, ξk+1) ≤ ⟨gk+1, xk − x∗⟩. One can use the convexity
of f( · , ξk+1) and the fact that, for any convex function φ, we have φ(y) − φ(x) ≥
⟨∇φ(x), y − x⟩.

2. Using the relation xk+1 = xk − γk+1 ⊙ gk+1, show that

1

2
∥xk − x∗∥2γ−1

k+1
− 1

2
∥xk+1 − x∗∥2γ−1

k+1
+

1

2
∥gk+1∥2γk+1

= ⟨gk+1, xk − x∗⟩ .

1

2
∥xk − x∗∥2γ−1

k+1
− 1

2
∥xk+1 − x∗∥2γ−1

k+1
+

1

2
∥gk+1∥2γk+1

=
1

2
∥xk − x∗∥2γ−1

k+1
− 1

2

∥∥ xk+1−xk︸ ︷︷ ︸
=−γk+1gk+1

+xk − x∗∥∥2
γ−1
k+1

+
1

2
∥gk+1∥2γk+1

=
1

2��������∥xk − x∗∥2γ−1
k+1

− 1

2
∥γk+1gk+1∥2γ−1

k+1
− 1

2��������∥xk − x∗∥2γ−1
k+1

−
〈
− γk+1gk+1, xk − x∗〉

γ−1
k+1

+
1

2
∥gk+1∥2γk+1

= − 1

2

(
��������������d∑
j=1

(
γk+1(j)gk+1(j)

)2
γ−1
k+1(j)

)
−
( d∑

j=1

(
− γk+1(j)gk+1(j)

)(
xk(j)− x∗(j)

)
γ−1
k+1(j)

)
+

1

2

(
������������d∑
j=1

(
gk+1(j)

)2
γk+1(j)

)
=
〈
gk+1, xk − x∗〉.

3. Deduce that

K−1∑
k=0

f (xk, ξk+1)− f (x∗, ξk+1) ≤
K−1∑
k=0

(
1

2
∥xk − x∗∥2γ−1

k+1
− 1

2
∥xk+1 − x∗∥2γ−1

k+1

)
+

K−1∑
k=0

1

2
∥gk+1∥2γk+1

.

(1)

It suffices to combine Questions 1 and 2 to obtain that f (xk, ξk+1) − f (x∗, ξk+1) ≤
1
2
∥xk − x∗∥2γ−1

k+1
− 1

2
∥xk+1 − x∗∥2γ−1

k+1
+ 1

2
∥gk+1∥2γk+1

for any k. Summing for k = 0 to

K − 1 yields the result.

From now on, we will control the two terms in equation (1) separately.

Control of the first term.
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4. Prove that for any z, a, b ∈ Rd we have ∥z∥2a − ∥z∥2b = ∥z∥2a−b.

We have

∥z∥2a − ∥z∥2b =
d∑

i=1

z2i ai −
d∑

i=1

z2i bi =
d∑

i=1

z2i (ai − bi) = ∥z∥2a−b, ∀z, a, b ∈ Rd.

5. Deduce that the first term in (1) can be rewritten as

K−1∑
k=0

(
∥xk − x∗∥2γ−1

k+1
− ∥xk+1 − x∗∥2γ−1

k+1

)
= ∥x0 − x∗∥2γ−1

1
−∥xK − x∗∥2γ−1

K
+

K−1∑
k=1

∥xk − x∗∥2(γ−1
k+1−γ−1

k )

We have

K−1∑
k=0

(
∥xk − x∗∥2γ−1

k+1
− ∥xk+1 − x∗∥2γ−1

k+1

)
=

K−1∑
k=0

∥xk − x∗∥2γ−1
k+1

−
K∑
k=1

∥xk − x∗∥2γ−1
k

= ∥x0 − x∗∥2γ−1
1

− ∥xK − x∗∥2γ−1
K

+
K−1∑
k=1

∥xk − x∗∥2γ−1
k+1

− ∥xk − x∗∥2γ−1
k

= ∥x0 − x∗∥2γ−1
1

−∥xK − x∗∥2γ−1
K︸ ︷︷ ︸

≤0

+
K−1∑
k=1

∥xk − x∗∥2(γ−1
k+1−γ−1

k )

6. Show that the Adagrad learning rates γk’s have coordinates that are non-increasing
over time:

∀j ∈ {1, . . . , d} : γk+1(j) ≤ γk(j).

We have

γk+1(j) =
α√∑k

s=0 g
2
s+1(j)

≤ α√∑k−1
s=0 g

2
s+1(j)

= γk(j).

7. Using Assumption 3 in the theorem, deduce that the first term in (1) can be controlled
as

K−1∑
k=0

(
∥xk − x∗∥2γ−1

k+1
− ∥xk+1 − x∗∥2γ−1

k+1

)
≤

d∑
j=1

 D2

γ1(j)
+

K−1∑
k=1

D2

(
1

γk+1(j)
− 1

γk(j)

) .
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By Question 5, we have

K−1∑
k=0

(
∥xk − x∗∥2γ−1

k+1
− ∥xk+1 − x∗∥2γ−1

k+1

)
= ∥x0 − x∗∥2γ−1

1
−∥xK − x∗∥2γ−1

K︸ ︷︷ ︸
≤0

+
K−1∑
k=1

∥xk − x∗∥2(γ−1
k+1−γ−1

k )

≤
d∑

j=1

∣∣x0(j)− x∗(j)
∣∣2

γ1(j)
+

d∑
j=1

K−1∑
k=1

∣∣∣xk(j)− x∗(j)
∣∣∣2︸ ︷︷ ︸

≤D2

(
1

γk+1(j)
− 1

γk(j)

)
︸ ︷︷ ︸

≥0

≤
d∑

j=1

 D2

γ1(j)
+

K−1∑
k=1

D2

(
1

γk+1(j)
− 1

γk(j)

) .

8. Using Assumption 4 from the theorem, prove that γK(j) ≥ α
G
√
K
.

This is due to the assumption that ∥∇f(x, ξ)∥ ≤ G,∀x ∈ Rd, ∀ξ ∈ Ξ, which ensures
the desired lower bound on γK(j)

γK(j) =
α√∑K−1

s=0 g2s+1(j)
≥ α√∑K−1

s=0 G2

=
α

G
√
K

.

9. Deduce the final upper bound on the first term

K−1∑
k=0

(
∥xk − x∗∥2γ−1

k+1
− ∥xk+1 − x∗∥2γ−1

k+1

)
≤ D2dG

√
K

α
.

By Question 7, we have

K−1∑
k=0

(
∥xk − x∗∥2γ−1

k+1
− ∥xk+1 − x∗∥2γ−1

k+1

)
≤

d∑
j=1

 D2

γ1(j)
+

K−1∑
k=1

D2

(
1

γk+1(j)
− 1

γk(j)

)
=

d∑
j=1

D2

γK(j)
=

dD2

γK(j)
≤ D2dG

√
K

α
,

where we used Question 8 in the last inequality.

Control of the second part of (1):
K−1∑
k=0

∥gk+1∥2γk+1
.

10. For any k ∈ {0, K − 1}, define a
(i)
k = g2k+1,i ≥ 0. Justify that

K−1∑
k=0

∥gk+1∥2γk+1
= α

K−1∑
k=0

d∑
i=1

a
(i)
k√∑k
s=0 a

(i)
s

.
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We have

K−1∑
k=0

∥gk+1∥2γk+1
=

K−1∑
k=0

 d∑
i=1

gk+1(i)
2γk+1(i)


=

K−1∑
k=0

 d∑
i=1

gk+1(i)
2 α√∑k

s=0 g
2
s+1(i)


= α

K−1∑
k=0

d∑
i=1

a
(i)
k√∑k
s=0 a

(i)
s

.

We will use the following Lemma

Lemma 1. Let (ak) be a sequence of nonnegative numbers. Then

K−1∑
k=0

ak√∑k
s=0 as

≤ 2

√√√√K−1∑
s=0

as

The proof of this lemma is a bonus question at the end of the exercise. For now, we
will simply use this result without proof.

11. Using the lemma above, show that

K−1∑
k=0

∥gk+1∥2γk+1
≤ 2αdG

√
K.

We apply the lemma to our sequence of stochastic gradients to get:

K−1∑
k=0

∥gk+1∥2γk+1
= α

K−1∑
k=0

d∑
i=1

a
(i)
k√∑k
s=0 a

(i)
s

≤ 2α
d∑

i=1

√√√√K−1∑
k=0

ak

≤ 2α
d∑

i=1

√√√√K−1∑
k=0

(
gk+1(i)

)2 ≤ 2αdG
√
K,

where we used Assumption 4 in the last inequality.

12. Deduce that

K−1∑
k=0

f (xk, ξk+1)− f (x∗, ξk+1) ≤
dD2G

√
K

α
+ 2αdG

√
K.

It suffices to combine Questions 3, 9 and 11.
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13. Applying the expectation on both sides, and deduce that

dD2G

α
√
K

+ 2
αdG√
K

≥ 1

K
E

K−1∑
k=0

F (xk)− F (x∗)

 .

Taking the expectation on both sides, and dividing by K, we can write:

dD2G

α
√
K

+ 2
αdG√
K

≥ 1

K
E

K−1∑
k=0

f (xk, ξk+1)− f (x∗, ξk+1)


=

1

K
E

K−1∑
k=0

Ek

[
f (xk, ξk+1)− f (x∗, ξk+1)

] using EX = E
[
E(X|Y )

]
∀X, Y

=
1

K
E

K−1∑
k=0

F (xk)− F (x∗)

 by definition of F

≥ E
[
F (x̄K)− F (x∗)

]
by convexity.

14. Using the convexity of F , conclude the proof of the theorem.

By convexity of F , we have 1
K

∑K−1
k=0 F (xk) ≥ F

(
1
K

∑K−1
jk=0 xk

)
= F (x̄K). This con-

cludes the proof.

Bonus question: Prove the lemma.

Proof. Denote hK =
∑K−1

k=0
ak√∑k
s=0 as

. We will show the result by induction. Clearly,

h1 =
√
a0 ≤ 2

√
a0.

We now assume that hK ≤ 2
√∑K−1

s=0 as.

hK+1 = hK +
aK√∑K
s=0 as

≤ 2

√√√√K−1∑
s=0

as +
aK√∑K
s=0 as

.

Now, since the square root is concave, we have

√
b− a ≤

√
b− a

2
√
b

as long as b− a ≥ 0 and b > 0. Hence,

hK+1 ≤ 2


√√√√ K∑

s=0

as −
aK

2
∑K

s=0 as

+
aK√∑K
s=0 as

= 2

√√√√ K∑
s=0

as.

By induction, the lemma is proved.
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