Exercise: Convergence rate of Adagrad

For any three vectors a,a’,b € R?, we define
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Algorithm 1: Adagrad
1. Pick o € R%

2. Until termination condition, iterate:
Generate €41 independent of the past

9k+1(1)
kt1 = : = Ve (Tg, Err1)
9k+1(d)

. o .
Vi41(j) = —m—, Vj=1,...,d

k .
Es:o 93+1(])
Thtl = Th — Vh+1 O Gk+1

The convergence guarantees of Adagrad are given in the theorem below.

Theorem 1. Suppose that
1. f(-,€) is convex for all &
2. There exists ©* € argmin F', where F(x) = E[f(x,&)]

3. There exists D > 0 s.t. for all k>0, for alli € {1,...,d}: }Ikai - =D
4. For all z,& : |V f(z,8)] <G.

Then the iterates of Adagrad satisfy
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where T = % Y o Lk-

1. Justify that f (zg,&ks1) — f (2%, &kx1) < (gk+1, Tk — ™). One can use the convexity of f(-,&k+1) and
the fact that, for any convex function ¢, we have ¢(y) — p(z) > (Vo(z),y — x).
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Using the relation xx4+1 = 25 — Y+1 © gk+1, show that
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Deduce that
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From now on, we will control the two terms in equation (1) separately.

Control of the first term.

. Prove that for any z,a,b € R? we have |z|2 — ||2]|Z = ||2]|2_,
. Deduce that the first term in (1) can be rewritten as
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Show that the Adagrad learning rates ~;’s have coordinates that are non-increasing over time:

Vie{l,....db o veg1(F) < ()

Using Assumption 3 in the theorem, deduce that the first term in (1) can be controlled as
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Using Assumption 4 from the theorem, prove that yx(j) > G\();f'
Deduce the final upper bound on the first term
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Control of the second part of ( Z lgr+1ll5,,, -
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For any k € {0, K — 1}, define a,(:) = g,%HJ > 0. Justify that
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We will use the following Lemma

Lemma 1. Let (ay) be a sequence of nonnegative numbers. Then
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The proof of this lemma is a bonus question at the end of the exercise. For now, we will simply use

this result without proof.

Using the lemma above, show that
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Deduce that
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Applying the expectation on both sides, and deduce that
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Using the convexity of F', conclude the proof of the theorem.

Bonus question: Prove the lemma.



