Convergence rate of ADAM: solution

We define 441 = ST S so that Tx+1 = T — Yep1Mkt1.
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Applying this inequality to the function ¢ = f(-,&k+1) and a = z},b = z* yields the result.

2. Using the relation mpp1 = Simy + (1 — B1) Vf (Tk, Epg1), show that (Vf (ap,&pgr), xp — %) =
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We recall that xp 11 = xx — Ypr1mpr1. Therefore,
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We can follow the same steps as in the proof of Adagrad’s convergence rate.
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4. Show that
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We can combine Questions 1, 2, and 3 to get:
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5. Show that (%), is a coordinate-wise decreasing sequence (i.e. Ar; > Axr4+1,; for all 4,k) and that
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We have o) < aj_1. Moreover, 1 — ﬁf“ >1— BF and 041 > 0 by definition of 94,1, so we obtain
that (9%)x is a decreasing sequence:
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To prove the relation 45 > a(’? V;aﬂ"‘, we first prove an intermediary result by induction:
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e We have |v1] = (1 — 62)|Vf(xo,£1)|2 < (1 — B2)G?. Moreover,
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e Suppose we have ¥, < % and vy < G? for some fixed k € N, and let us show that 95,1 < %

and v < G2. We have
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Therefore, we have proved that for any k € N, the following property holds:
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To conclude, it now suffices to recall the definition of J:
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7. Show that
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8. Define yx41 Show that yi4+1 > Yk+1-

— (¢33
T (1-B1) k1
We have 1 — Bf“ >1—p1 and Ogq1 > V41, hence
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9. Let x,y,z € R‘i be nonnegative vectors and let p, ¢, 7 be positive real numbers such that % + % + % =1.

We recall that the Holder inequality ensures that Z;l:l z;y52; < |zlpllyllqllzllr. Define grii(i) =
0; f (xr, Ek41)- In this question, we will slightly abuse notation and write g; rather than g;(¢) for short.
Justify each one of the following equalities and inequalities.

Before justifying these inequalities, it will be useful to prove the following relations by induction
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e Suppose the relations (1) and (2) hold for some & > 1. Let us prove that they hold for k£ + 1 as
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We proceed similarly for vg.
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10. By remarking that Zf: arBy”
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We let 0 = —1=8) By the previous question, we get

82

VI=P2 17E
K—1 K—1  k+1 '
(s 5ss <C S S BT oy = O gyl 3
k=0 k=0  j=1 j=1 k<K—1
k+1>j
K—1 Coun
k
=03 lgpl D ap™ < Z A
§=0 k<K—1
k>j’
1 K—1
= - D k| Vif (@, &)
\/1—52\/1— B
11. Show that
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We apply Cauchy-Schwarz’s inequality to the result of Question 11
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It suffices to prove that Zk o @i <1+log(K) to obtain the desired result. We have
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12. Conclude

Before solving the question, we first note that the result of Question 11 ensures that:
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We now bring everything together. We have
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We can now conclude as in the proof of Adagrad’s convergence rate. Taking the expectation on both
sides and dividing by K, we can write:
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