
Convergence rate of ADAM: solution

We define γ̂k+1 = αk

(1−βk+1
1 )

(
ϵ+
√

v̂k+1

) so that xk+1 = xk − γ̂k+1mk+1.

1. Show that
f (xk, ξk+1)− f (x∗, ξk+1) ≤

〈
∇f (xk, ξk+1) , xk − x∗〉

A convex and differentiable function ϕ : Rd → R always satisfies

ϕ(b) ≥ ϕ(a) + ⟨∇ϕ(a), b− a⟩, ∀a, b ∈ Rd.

Applying this inequality to the function ϕ = f(·, ξk+1) and a = x∗
k, b = x∗ yields the result.

2. Using the relation mk+1 = β1mk + (1− β1)∇f (xk, ξk+1), show that
〈
∇f (xk, ξk+1) , xk − x∗〉 =

⟨mk+1, xk − x∗⟩+ β1

1−β1

(
⟨mk+1, xk+1 − x∗⟩ − ⟨mk, xk − x∗⟩

)
+ β1

1−β1
∥mk+1∥2γ̂k+1

.

We recall that xk+1 = xk − γ̂k+1mk+1. Therefore,

⟨mk+1, xk − x∗⟩+ β1

1− β1

(〈
mk+1, xk+1 − x∗︸ ︷︷ ︸

xk−x∗−γ̂k+1mk+1

〉
− ⟨mk, xk − x∗⟩

)
+

β1

1− β1
∥mk+1∥2γ̂k+1

= ⟨mk+1, xk − x∗⟩+ β1

1− β1

(〈
mk+1 −mk, xk − x∗

〉
−(((((((((

⟨mk+1, γ̂k+1mk+1⟩
)
+
���������β1

1− β1
∥mk+1∥2γ̂k+1

=
〈 1

1− β1
(mk+1 − β1mk), xk − x∗

〉
=
〈
∇f (xk, ξk+1) , xk − x∗〉 by definition of mk+1.

3. Show that

⟨mk+1, xk − x∗⟩ = 1

2
∥xk − x∗∥2γ̂−1

k+1
− 1

2
∥xk+1 − x∗∥2γ̂−1

k+1
+

1

2
∥mk+1∥2γ̂k+1

.

We can follow the same steps as in the proof of Adagrad’s convergence rate.

1

2
∥xk − x∗∥2γ̂−1

k+1
− 1

2

∥∥ xk+1−xk︸ ︷︷ ︸
=−γ̂k+1mk+1

+xk − x∗∥∥2
γ̂−1
k+1

+
1

2
∥mk+1∥2γ̂k+1

=
1

2�������∥xk − x∗∥2γ̂−1
k+1

− 1

2
∥γ̂k+1mk+1∥2γ̂−1

k+1
− 1

2�������∥xk − x∗∥2γ̂−1
k+1

−
〈
− γ̂k+1mk+1, xk − x∗〉

γ̂−1
k+1

+
1

2
∥mk+1∥2γ̂k+1

= − 1

2

(
�������������d∑
j=1

(
γ̂k+1(j)mk+1(j)

)2
γ̂−1
k+1(j)

)
−
( d∑

j=1

(
− γ̂k+1(j)mk+1(j)

)(
xk(j)− x∗(j)

)
γ̂−1
k+1(j)

)

+
1

2

(
�����������d∑
j=1

(
mk+1(j)

)2
γ̂k+1(j)

)
=
〈
mk+1, xk − x∗〉.
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4. Show that

K−1∑
k=0

f (xk, ξk+1)− f (x∗, ξk+1) ≤
β1

1− β1
( ⟨mK , xK − x∗⟩ − ⟨m0, x0 − x∗⟩

)
+

K−1∑
k=0

(
1

2
∥xk − x∗∥2γ̂−1

k+1
− 1

2
∥xk+1 − x∗∥2γ̂−1

k+1

)

+

(
β1

1− β1
+

1

2

)K−1∑
k=0

∥mk+1∥2γ̂k+1
.

We can combine Questions 1, 2, and 3 to get:

K−1∑
k=0

f (xk, ξk+1)− f (x∗, ξk+1) ≤
K−1∑
k=0

〈
∇f (xk, ξk+1) , xk − x∗〉 by Question 1.

=
K−1∑
k=0

(
⟨mk+1, xk − x∗⟩+ β1

1− β1

(
⟨mk+1, xk+1 − x∗⟩ − ⟨mk, xk − x∗⟩

)
+

β1

1− β1
∥mk+1∥2γ̂k+1

)
by Question 2.

=

K−1∑
k=0

1

2
∥xk − x∗∥2γ̂−1

k+1
− 1

2
∥xk+1 − x∗∥2γ̂−1

k+1
+

1

2
∥mk+1∥2γ̂k+1

+

K−1∑
k=0

β1

1− β1

(
⟨mk+1, xk+1 − x∗⟩ − ⟨mk, xk − x∗⟩

)
+

K−1∑
k=0

β1

1− β1
∥mk+1∥2γ̂k+1

by Question 3.

=

K−1∑
k=0

1

2
∥xk − x∗∥2γ̂−1

k+1
− 1

2
∥xk+1 − x∗∥2γ̂−1

k+1

+
β1

1− β1

(
⟨mK , xK − x∗⟩ − ⟨m0, x0 − x∗⟩

)
+
( β1

1− β1
+

1

2

)K−1∑
k=0

∥mk+1∥2γ̂k+1
.

5. Show that (γ̂k)k is a coordinate-wise decreasing sequence (i.e. γ̂k,i > γ̂k+1,i for all i, k) and that

γ̂k ≥ α0

√
1−β2√
kG

.

We have αk < αk−1. Moreover, 1− βk+1
1 ≥ 1− βk

1 , and v̂k+1 ≥ v̂k by definition of v̂k+1, so we obtain
that (γ̂k)k is a decreasing sequence:

γ̂k+1 =
αk

(1− βk+1
1 )

√
v̂k+1

<
αk−1

(1− βk
1 )
√
v̂k

= γ̂k.

To prove the relation γ̂k ≥ α0

√
1−β2√
kG

, we first prove an intermediary result by induction:

∀k ∈ N : v̂k ≤ G2

1− β2
and |vk| ≤ G2.

Indeed,
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• We have |v1| = (1− β2)
∣∣∇f(x0, ξ1)

∣∣2 ≤ (1− β2)G
2. Moreover,

v̂1 = max

(
v̂0,

v1
1− β2

)
= max

(
0,

(1− β2)G
2

1− β2

)

= G2 ≤ G2

1− β2
.

• Suppose we have v̂k ≤ G2

1−β2
and vk ≤ G2 for some fixed k ∈ N, and let us show that v̂k+1 ≤ G2

1−β2

and vk+1 ≤ G2. We have

|vk+1| =
∣∣β2vk + (1− β2)∇f(xk, ξk+1)

2
∣∣ ≤ β2G

2 + (1− β2)G
2 = G2.

Therefore,

v̂k+1 = max

(
v̂k,

vk+1

1− βk+1
2

)

≤ max

(
G2

1− β2
,

G2

1− βk+1
2

)

=
G2

1− β2
.

Therefore, we have proved that for any k ∈ N, the following property holds:

v̂k ≤ G2

1− β2
and |vk| ≤ G2.

To conclude, it now suffices to recall the definition of γ̂k:

γ̂k =
αk−1

(1− βk
1 )
√
v̂k

≤ α0√
k
√
v̂k

since 1− βk
1 ≤ 1

≤ α0

√
1− β2√
k G

, by the intermediary property.

6. Show that

K−1∑
k=0

1

2
∥xk − x∗∥2γ̂−1

k+1
− 1

2
∥xk+1 − x∗∥2γ̂−1

k+1
≤ D2

2

d∑
i=1

1

γ̂K,i
.

We have
K−1∑
k=0

1

2
∥xk − x∗∥2γ̂−1

k+1
− 1

2
∥xk+1 − x∗∥2γ̂−1

k+1
=

K−1∑
k=0

1

2
∥xk − x∗∥2γ̂−1

k+1
−

K∑
k=1

1

2
∥xk − x∗∥2γ̂−1

k

=
1

2
∥x0 − x∗∥2γ̂−1

1
−1

2
∥xK − x∗∥2γ̂−1

K︸ ︷︷ ︸
≤0

+

K−1∑
k=1

1

2
∥xk − x∗∥2γ̂−1

k+1−γ̂−1
k

≤
d∑

j=1

1

2

(x0,j − x∗
j )

2

γ̂1,j
+ 0 +

1

2

K−1∑
k=1

d∑
j=1

(xk,j − x∗
j )

2

(
1

γ̂k+1,j
− 1

γ̂k,j

)

≤
d∑

j=1

1

2

D2

γ̂1,j
+

1

2

d∑
j=1

K−1∑
k=1

D2

(
1

γ̂k+1,j
− 1

γ̂k,j

)
since

1

γ̂k+1,j
− 1

γ̂k,j
≥ 0

=
D2

2

d∑
i=1

1

γ̂K,i
.
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7. Show that

⟨mK , xK − x∗⟩ ≤ 1

2
∥mK∥2γ̂K

+
D2

2

d∑
i=1

1

γ̂K,i
≤ 1

2

K−1∑
k=0

∥mk+1∥2γ̂k+1
+

D2

2

d∑
i=1

1

γ̂K,i
.

We use the following inequality, true for any a, b ∈ R:

ab ≤ a2

2
+

b2

2
.

We obtain:

⟨mK , xk − x∗⟩ =
d∑

j=1

mK,j(xK,j − x∗
j ) =

d∑
j=1

mK,j

√
γ̂K,j

xK,j − x∗
j√

γ̂K,j

≤ 1

2

d∑
j=1

m2
K,j γ̂K,j +

1

2

d∑
j=1

(xK,j − x∗
j )

2

γ̂K,j

≤ 1

2

∥∥mK

∥∥2
γ̂K

+
1

2

d∑
j=1

D2

γ̂K,j

≤ 1

2

K−1∑
k=0

∥mk+1∥2γ̂k+1
+

D2

2

d∑
i=1

1

γ̂K,i
.

8. Define γk+1 = αk

(1−β1)
√
vk+1

. Show that γk+1 ≥ γ̂k+1.

We have 1− βk+1
1 ≥ 1− β1 and v̂k+1 ≥ vk+1, hence

γk+1 =
αk

(1− β1)
√
vk+1

≥ αk(
1− βk+1

1

)√
v̂k+1

= γ̂k+1.

9. Let x, y, z ∈ Rd
+ be nonnegative vectors and let p, q, r be positive real numbers such that 1

p +
1
q +

1
r = 1.

We recall that the Hölder inequality ensures that
∑d

j=1 xjyjzj ≤ ∥x∥p∥y∥q∥z∥r. Define gk+1(i) =
∂if (xk, ξk+1). In this question, we will slightly abuse notation and write gj rather than gj(i) for short.
Justify each one of the following equalities and inequalities.

Before justifying these inequalities, it will be useful to prove the following relations by induction

mk,i = (1− β1)

k∑
j=1

βk−j
1 gj (1)

vk,i = (1− β2)

k∑
j=1

βk−j
2 g2j . (2)

• We have m1,i = β1m0 + (1− β1)g1 = (1− β1)g1 = (1− β1)
∑1

j=1 β
1−j
1 gj .

Similarly, v1,i = β2v0 + (1− β2)g
2
1 = (1− β2)g

2
1 = (1− β2)

∑1
j=1 β

1−j
2 g2j .

• Suppose the relations (1) and (2) hold for some k ≥ 1. Let us prove that they hold for k + 1 as
well. We have

mk+1,i = β1mk,i + (1− β1)gk+1

= β1 · (1− β1)

k∑
j=1

βk−j
1 gj + (1− β1)gk+1
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= (1− β1)

k∑
j=1

βk+1−j
1 gj + (1− β1)gk+1

= (1− β1)

k+1∑
j=1

βk+1−j
1 gj .

We proceed similarly for vk.

(
mk,i

)2
γ̂k,i ≤

(
mk,i

)2
γk,i true by Question 8

=
(
mk,i

)2 αk−1

(1− β1)
√
vk

=
αk−1

(1− β1)

(
(1− β1)

∑k
j=1 β

k−j
1 gj

)2
√
(1− β2)

∑k
j=1 β

k−j
2 g2j

by equations (1) and (2)

≤ αk−1 (1− β1)√
1− β2

(∑k
j=1

(
β

k−j
4

2

∣∣gj∣∣ 12)(β1β
−1/2
2

) k−j
2
(
βk−j
1

∣∣gj∣∣) 1
2

)2

√∑k
j=1 β

k−j
2 g2j

since

(
β

k−j
4

2

∣∣gj∣∣ 12)(β1β
−1/2
2

) k−j
2
(
βk−j
1

∣∣gj∣∣) 1
2

= βk−j
1 gj

≤ αk−1 (1− β1)√
1− β2

 k∑
j=1

(
β2
1

β2

)k−j
 1

2
 k∑

j=1

βk−j
1

∣∣gj∣∣


by Hölder’s inequality with p = q = 4, and r = 2

≤ αk−1 (1− β1)
√
1− β2

√
1− β2

1

β2

k∑
j=1

βk−j
1

∣∣gj∣∣

since

k∑
j=1

(
β2
1

β2

)k−j

=
1−

(
β2
1

β2

)k
1− β2

1

β2

≤ 1

1− β2
1

β2

.

10. By remarking that
∑K−1

k=j αkβ
k−j
1 ≤ αj

1−β1
, show that

K−1∑
k=0

(
mk+1,i

)2
γ̂k+1,i ≤

1
√
1− β2

√
1− β2

1

β2

K−1∑
k=0

αk

∣∣∇if (xk, ξk+1)
∣∣ .

First, since (αk)k is decreasing, we have

K−1∑
k=j

αkβ
k−j
1 ≤ αj

K−1−j∑
ℓ=0

βℓ
1 ≤ αj

1− β1
.
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We let C = (1−β1)

√
1−β2

√
1− β2

1
β2

. By the previous question, we get

K−1∑
k=0

(
mk+1,i

)2
γ̂k+1,i ≤ C

K−1∑
k=0

αk

k+1∑
j=1

βk+1−j
1

∣∣gj∣∣ = C

K∑
j=1

|gj |
∑

k≤K−1

k+1≥j

αkβ
k+1−j
1

= C

K−1∑
j′=0

|gj′+1|
∑

k≤K−1

k≥j′

αkβ
k+j′

1 ≤
K−1∑
j′=0

Cαj′

1− β1

=
1

√
1− β2

√
1− β2

1

β2

K−1∑
k=0

αk

∣∣∇if (xk, ξk+1)
∣∣ .

11. Show that

K−1∑
k=0

(
mk+1,i

)2
γ̂k,i ≤

α0

√
1 + ln(K)

√
1− β2

√
1− β2

1

β2

√√√√K−1∑
k=0

(
∇if (xk, ξk+1)

)2
.

We apply Cauchy-Schwarz’s inequality to the result of Question 11

K−1∑
k=0

(
mk+1,i

)2
γ̂k,i ≤

1
√
1− β2

√
1− β2

1

β2

K−1∑
k=0

αk

∣∣∇if (xk, ξk+1)
∣∣

≤ 1
√
1− β2

√
1− β2

1

β2

√√√√K−1∑
k=0

α2
k

K−1∑
k=0

∣∣∇if (xk, ξk+1)
∣∣2

It suffices to prove that
∑K−1

k=0 α2
k ≤ 1 + log(K) to obtain the desired result. We have

K−1∑
k=0

α2
k = α2

0

K−1∑
k=0

1

k + 1
= α2

0

K∑
k=1

1

k

= α2
0 + α2

0

K∑
k=2

1

k
≤ α2

0

1 +

K∑
k=1

∫ k

k−1

1

x
dx


= α2

0

(
1 +

∫ K

1

1

x
dx

)
= α2

0

(
1 + log(K)

)
.

12. Conclude

Before solving the question, we first note that the result of Question 11 ensures that:

∥mk+1∥2γ̂k+1
≤ d ·

α0

√
1 + ln(K)

√
1− β2

√
1− β2

1

β2

√√√√K−1∑
k=0

(
∇if (xk, ξk+1)

)2 ≤
α0 d

√
1 + ln(K)

√
1− β2

√
1− β2

1

β2

√
KG2. (3)

Moreover, we have also proved γ̂k ≥ α0

√
1−β2√
kG

in Question 5, so that

d∑
i=1

1

γ̂K,i
≤ dG

√
K

α0

√
1− β2

(4)
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We now bring everything together. We have

K−1∑
k=0

f (xk, ξk+1)− f (x∗, ξk+1) ≤
β1

1− β1
( ⟨mK , xK − x∗⟩ −

〈
��m0

=0, x0 − x∗
〉)

+

K−1∑
k=0

(
1

2
∥xk − x∗∥2γ̂−1

k+1
− 1

2
∥xk+1 − x∗∥2γ̂−1

k+1

)

+

(
β1

1− β1
+

1

2

)K−1∑
k=0

∥mk+1∥2γ̂k+1
by Question 4

≤ β1

1− β1

1

2

K−1∑
k=0

∥mk+1∥2γ̂k+1
+

D2

2

d∑
i=1

1

γ̂K,i

 by Question 7

+
D2

2

d∑
i=1

1

γ̂K,i
by Question 6

+

(
β1

1− β1
+

1

2

)K−1∑
k=0

∥mk+1∥2γ̂k+1

=
D2

2(1− β1)

d∑
i=1

1

γ̂K,i
+

(
1 + 2β1

2(1− β1)

)K−1∑
k=0

∥mk+1∥2γ̂k+1

≤ D2

2(1− β1)

dG
√
K

α0

√
1− β2

by equation (4)

+

(
1 + 2β1

2(1− β1)

)
α0 d

√
1 + ln(K)

√
1− β2

√
1− β2

1

β2

√
KG2 by equation (3)

We can now conclude as in the proof of Adagrad’s convergence rate. Taking the expectation on both
sides and dividing by K, we can write:

D2

2(1− β1)

dG
√
K

α0

√
1− β2

+

(
1 + 2β1

2(1− β1)

)
α0 d

√
1 + ln(K)

√
1− β2

√
1− β2

1

β2

√
KG2

≥ 1

K
E

K−1∑
k=0

Ek

[
f (xk, ξk+1)− f (x∗, ξk+1)

] using EX = E
[
E(X|Y )

]
∀X,Y

=
1

K
E

K−1∑
k=0

F (xk)− F (x∗)

 by definition of F

≥ E
[
F (x̄K)− F (x∗)

]
by convexity.
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