Exercise: Convergence rate of ADAM

We now introduce an algorithm often used to train neural network models: Adam, which stands for
stochastic gradient with adaptive moment estimation. Its main ingredients are an adaptive estimation
of the first and second moments of the stochastic gradient and coordinate-wise step sizes. The idea is to
design an exponential moving average of previous gradients and square gradients to estimate its moments.
Finally, instead of just using the estimate of VF(x) to set the step-size, ADAM uses it directly as a means
of reducing the variance of the stochastic gradient. The algorithm uses parameters a > 0,51 € [0, 1],
B2 €10,1] and € > 0. It is initialized with a fixed zy and mo = vy = 0.

Algorithm: Adam

We recall the following notation: For any two vectors a,b € R%, we define
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if these quantities exist. The Adam algorithm can be written as follows.

Algorithm 1: Adam

Inputs: a > 0,8, € [0,1], B2 €[0,1], ¢ >0
Start from z¢ € R? and let vy = 09 = mgy = 0.

Until termination condition, iterate
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This algorithm is widely used in the training of neural networks. Its convergence properties for convex
functions are given in the following theorem.

Theorem 1. Suppose that
1. f(-,&) is convex for all &



2. Jz* € argmin F, F(z) = E[f(z, £)]

3. For all k, for all i, {:Ek,i - xﬂ <D
4. For all z,&, for all i, |V;f(z,&)| < G
5. o = \/%

6. B2<fBy<le=0

Then the iterates of Adam satisfy
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where Tx = Zk 0 Th-

We will prove this theorem as an exercise.

Exercise

X

We define 'A}/k+1 = m (since €= 0) so that Thtl = Tk — &k+1mk+1.
1

1. Show that
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2. Using the relation mgy1 = Siymi + (1 — 81) V[ (zk, Ek+1), show that
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3. Show that
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5. Show that (4;), is a coordinate-wise decreasing sequence (i.e. x,; > Jr41,s for all ¢, k) and that
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7. Show that
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8. Define yx41 = = 51)\/7 Show that ye11 > Ygi1-
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9. Let z,y,z € Ri be nonnegative vectors and let p, g, be positive real numbers such that % + % +

1 — 1. We recall that the Hélder inequality ensures that Z;l:l zjy;z; < ||lzlpllyllqllz|lr- Define
Gr+1(4) = 0; f (¥, Ekt1)- In this question, we will slightly abuse notation and write g; rather than
g;(7) for short. Justify each one of the following equalities and inequalities.
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10. By remarking that ZkK: arBy”

K—1 . K—1
> (mkyi) * A1 < = > g [0if (wx, Ger1)| -
k=0 V31— 09 - ﬁ—; k=0
11. Show that
K-1 K-1
2 . 1+ In(K 2
(Mit1)” At < ( ) (0i f (@, Eg1)) ™
k=0 V11— (s — 2L\ k=0

12. Conclude



