Exercise: Minibatch SGD

Let n,d > 1 be integers, and consider the optimization problem

1 n
in F(6 h Fo) == (), VO e R
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In this exercise, we will study a generalization of GD and SGD, called mini-batch SGD. The idea is simple:

e Gradient Descent proceeds by computing a full gradient 1 "7 | V fi(6)) at each step.

e In contrast, SGD proceeds by only computing one gradient V f;, (0x) at each step, for some index iy,

picked uniformly at random in {1,...,n}.
e Mini-batch SGD is a compromise between the two. For some integer m € {1,...,n}, it selects uniformly
at random (u.a.r.) a subset vg11 C {1,...,n} of cardinality m at each iteration, and computes the

partial gradient L Dicopss VIi(Ok)-

The pseudo-code of this algorithm is given below

Algorithm 1: Mini-batch SGD
Start from 6, € R%.

Until termination condition, iterate

Draw a subset vgy1 C {1,...,n} of cardinality m u.a.r., independent of the past
1
Gerr = > Vi)
1EVE 41

Orr1 =0k — Yot19k+1-

Notation. For any subset v C {1,...,n} of cardinality m, we write for ease
1
1€V
In particular, if m = n and v = {1,...,n}, then f, = F. We also define the noise of a subgradient as

0% = Eonn |||V fo(67)]1?]

Here, D denotes the uniform distribution over subsets of {1,...,n} whose cardinality is m. The goal of the
exercise is to prove a convergence rate for mini-batch SGD, given in the theorem below.

Theorem 1. Assume that
1. F is p-strongly convex

2. Ep||Vfu(0) =V £,(0°)|? < 2L(F(0)— F(6%)) for some constant L > 0 (we say that F is “L-smooth
in expectation with respect to D”)

3. The noise o is finite.




1 ¢
Take a precision € > 0, and choose a step size y = min {QL’ 4”2} Then we have
o

2L 402 2(16p — 6%
E|6r —0*||> <e  as soon as kZmax{,Jg}log <|0”>
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Questions

1. Using Assumption 2, justify that Ep [[|V f,(0)]|?] < 4L(F(0) — F(6*)) + 202
(One can use the inequality |a + b[|? < 2(||al|? + ||b]|?).
We have
Ep [V O = Eo [|V£.(6) = V. (67) + V£ (67)]]

< 2B ||V £,(0) = V£, (07| + 2E ||V £, (67"

<AL [F(0) — F (6)] + 2Ep ||V £, (6|

= 4L(F(0) — F(6")) + 20°.

The first inequality follows from |la + b||?> < 2|/a||* + 2||b||?, and the second inequality follows from
Assumption 2.

2. Justify that
181 — 671 = 10 — 6°1° — 27 (B — 6%,V fursy (0)) + 72 ||V Furss (00|
By definition, we have
10841 = 0%11% = [[6x — 6" =YV furr, (0) ||
= 116k = 0711% = 2 (05 = 0", V fur (0)) + 7|V s 00)]”
3. Writing Ej, for the expectation conditional on 6, prove that:
Exfl61 = 0% < (L= u)[[6x = 6°° = 29[F (86) = F (07) ] +7°Es [V o (80

(One can use the strong convexity of F: Yo,y € R?: F(z) — F(y) > (VF(y),z —y) + &|z — y|?).
We use the strong convexity property of F' with x = 6* and y = 0

|| 0ksr — 0%|° = |0k — 07||* = 290k — 0", VF (1) ) + V2. |V fupr, 0]

— |65 = 0% ||* + 2(VF (61) ,0" — ) + V°Ep. ||V fur, 0]

< ||16x — 9*H2 + 2y |F(0%) — F(0r) — %HG* — 0kl1?| + VEr |V forsa (Hk)||2

= (1= yp)||6x - 9*H2 —29[F (6x) = F (6") ] + V’Ep ||V fu, (Qk)||2~

4. Deduce that, if v < ﬁ, we can take the total expectation and write

E||fr 11 — 0%|)* < (1 — vu)E||6) — 07| + 29207




Taking expectations again and using Question 1, we get
E[0rs1 — 0% < (1= ) |6 — 0*|* + 2720 + 2y(2yL — D)E [F (i) — F (6")]
< (1 )] - 0+ 2%
In the last inequality, we, used the fagf that 2 L,< 1zsngce v <

. Deduce that E||0x — 6*||" < (1 —yu)"||60 — H

Recursively applying the above inequality and summmg up the resulting geometric series yields

k—1 )
B~ 0 < (1) 0" + 23 (1 - m)'r%0?
=0
. 270
< (1 =) "0 — 0°|" + = p

. How should one choose k to obtain EHGk —0* 2 <e?

By the previous question, we note that

El|ox — 0" < (1= m)"]|60 — 0°|* + 7 < (1=m)"Jl6o - ** + 3.
2
since we have chosen v = min { 21L ::2} < Z—'uz, so that 27/;7 < g Now, it suffices to take k£ such

that -

(1 =) " [l — 0°]” <

Using the inequality (1 —ypu) < e” 7, it is clear that it suffices to take k such that
1 2||6p — 6% 2L 402 2||6p — 6%
?< T > —log 219 = 67 =max{ —, 7 log 21160 — 67|I" .
2 Vi € woeu? €

. For any m € {1,...,n}, we denote by D,,, the uniform distribution over subsets of {1,...,n} whose

exp( — kyp) [|6o — 07|

cardinality is m, and we define the quantity o2, = E,wp, ||V f,(6*)||°. Justify that
1 - * * . .
m:72<Vf10 Vf39)> Py~p,, (i €v and j € v)

We have )

= Eop,, ||V £o(09)|* = Eonp,,

‘val

1EV

B, | 3 (VA V507)]
=Eyup,, HQ 442—1 (Vfi(6%), Vf;(6")1{i,j € u}]

S (VRO V0 Ban, (i € v and € ).
ij=1



8. Justify that 02 = 0 and that, for any integers i,5 € {1,...,n}, we have

o ifi=3j
Py~p,, (z c€vandje v) =N mne1) e '
n(n=1) if i # j.

We have o7 = |[VF(0*)|> = 0. Moreover, if i = j, we have
. . _ m
PUNDNL (Z S and J S U) = PUN'D”L (7/ S ’U) = —.
n

Next, if i # j, we have

Py~p,, (i €vand j € v) =Pyup,, (i €v |j € V) Poup,, (j EV) = T:__ll%
2
9. Deduce that 02, = n0_1 T (% — 1).
Combining Questions 7 and 8, we obtain
02, = % .ZI (V£(07), V£5(6) ) Ponp, (i € v and j € v)
i,j=
1 * * (
=5 2 (VAOVEE))TE = 2Z||Vfl
1<i#j<n
1 m(m—1) _ .
) R > FSIRAOI - 2 v
=[[vFen)|*=
ZHsz )]*=
n—m

- WL:(;Tl) ; vai(e*) - m(n — 1)01'

10. What is the runtime of the mini-batch SGD algorithm with mini-batches of size m to reach precision

€, assuming that computing one gradient takes 1 second?

FEach iteration requires computing m gradients, and we need to run the algorithm for %, steps, where

{2L 40%} <2||909*2>
k,, = max —— log| ——— | .
woen €

The runtime is proportional to mk,,, that is

2Lm 4mo?2, 2(|6p — 0% ||?
max{ ——, log [ ————
pooep? €
2Lm 4 n—m , 2(|6p — 6% ||?
max , —= oy ¢log | —— .
uwoep?n—1 5

11. Prove that the optimal batch size m* allowing one to reach precision € in the shortest possible runtime
is given by

mk,,

_ 2no?
20} + L(n—1)ep’




12.

assuming for simplicity that this quantity is an integer.

25:”, % — a%} overm € {1,...,n}. In this maximum,

It now suffices to minimize the quantity max {

4 n—m

the first term 227 is increasing with respect to m, while the second term it 0? is decreasing with

m. The maximum is therefore attained when the two terms are equal, or equivalently

2Lm 4 n—m , 2no?

= — = :
W e 71 " 202 + L(n —1)ep

Discuss the behavior of m* when € — 0 or € — 1, assuming n to be “very large”.

When e — 0, we get m — n. Therefore, to reach a very high precision (that is, a very small ¢), gradient
descent is generally preferable.

2
Conversely, when ¢ = 1, we get m = %, which is a constant independent of n. In this case, the
mini-batch SGD resembles SGD for which we only compute one gradient at a time, except that the
constant one is replaced with a constant depending on the problem at hand.

Remark 1. Unfortunately, the quantities 0%, L, and u are unknown to the practitioner, so m* cannot
be evaluated prior to running the algorithm. Still, this result highlights a trade-off between choosing a
small batch size, which allows us to reach low precision (high €) faster, versus choosing a large batch
size, which yields a higher precision € — 0 faster.



