Exercise Session: MCMC methods

Exercise 1 (Simulation of a Pair)

Let (X,Y) be a random pair with joint density

f(z,y) = eV 1lo<azy.
1. Determine the marginal density of X, denoted f(z). What distribution do you recognize?
We have

flz) = / f(z,y)dy = / e Vlo<azydy = / e Vdyly>o = [e_y} = e "ly>0.
—o0 —o0 T r
We recognize the density of Exp(1).

2. Given X = x > 0, determine the conditional density f(y|z). What distribution do you recognize?

For any « > 0, we have

Fole) =L }fg’) e T P

e*flf
We recognize the density of « + Exp(1)

3. Deduce a method to simulate a realization of the random pair (X,Y).
Simulate X, Z ~ Exp(1) iid and ouput (X, X + 7).

4. Given Y =y > 0, determine the conditional density f(z|y). What distribution do you recognize?

Given y > 0, we have

o0
fly) = / e Ylp<p<ydr = ye Y.

— 00

flz,y) e ¥lo<acy 1
f(I|y) = f(y) = yeo_y Y = Q].OSJ:SZI.

Density of Unif([0, y]).

5. Starting, for example, from the point (zg,y0) = (0,1), write the pseudo-code of a Gibbs sampler with
deterministic scanning to obtain a sample (X1,Y7)...,(X,,Y,) to sample from the target law f.

We obtain the following pseudo-code

Algorithm 1: Deterministic scan Gibbs sampler

Initialization: (zo,yo) = (0,1)
Fort=1,...,n:

zy ~ Unif ([0, y:—1])
z ~ Exp(1)
Yt = Ty + 2¢
Output (zo,40),- .- (Tn, Yn)-




6.

Between the two proposed methods, which one would you choose to simulate according to the density
fa,y)?

The first method directly generates iid samples, whereas the second generates a Markov chain, i.e.
correlated samples. The first one should be preferred.

Exercise 2 (Metropolis-Hastings Algorithm)

Let E be a finite state space and 7 a probability measure on F such that w(z) > 0 for any z € E. We recall
the Metropolis-Hastings algorithm for an auxiliary transition kernel @ (such that Q(z,y) = 0 if and only if

Qy,z) = 0)

Step 0:

Initialize Xj ;

Step n+1:

Choose y according to the law Q(X,,") ;

Set X, 4+1 =y with probability min (1 M) , otherwise set X+ = X,

)

’ W(XTL)Q(XH:?!)

1. 7W)Q(y.z)

Show that if the acceptance-rejection probability min ( s T @)0(e.y)

) is replaced by

7(y)Q(y, )
m(y)Q(y,z) + 7(x)Q(z,y)’

the measure 7 will still be invariant for the Markov chain defined by the Metropolis-Hastings algorithm.

n(y)@(y,m) by

More generally, replacing the acceptance-rejection probability min <17 20z D)

NEOLTDY
m(@)Q(x,y) )’
with o : Ry — (0, 1], give a sufficient condition on the function « for the measure 7 to be the invariant
measure of the Markov chain defined by the Metropolis-Hastings algorithm.

We address the two questions simultaneously. Let z,y € E such that x # y and let us compute the
coefficient P(x,y) of the transition matrix P of the Markov chain.

W(Yn+ )Q(Yn+l7X7l) ‘
g = == - < -
P(Xoi1 = y|X, = 2) P<Yn+1 and U < o (TREREE R ) [ <

=P <Yn+1 =yand U,y <« (

. (W(y)Q(y,w)
m(2)Q(z,y)

We can now study the reversibility of 7 for the modified Metropolis-Hasting algorithm with acceptance

probability o (7:8;883 ) )

The measure 7 is reversible for P if w(x)P(x,y) = m(y)P(y, z) for any =,y € E. This property is clear
if x = y. Now, suppose z # y. Then

) Q).

(y)P(y, ) = 7(y)Qy, 7) a(W) _



Hence, 7(z)P(z,y) = m(y)P(y, z) iff

— za<i>:a(z), where 2z = Eg

For 7 to be reversible, it therefore suffices that Vz € [0, 1] (l

This condition is met when «(z) = min(1l,z) since zmln( 71/z) = mm(z 1) if 2 > 0 (classical
Metropolis-Hastings). Similarly, this condition holds when a(z) = j +1 T which is the setting of
Question 1 (why?), as we have

1 1

za(l/z) =z - T35 [y = a(z).

Exercise 3 (Joint law and Gibbs sampler)

We consider the density

7 y? 2y +4y+4)

The renormalizing constant C' > 0 is not specified here, but it does not matter for this exercise.

1. What is the law of X conditional on Y = y? What is the law of Y conditional on X = z?
Conditional on Y =y, we have

y? 2Py +4y+4)
 flay)  Cexp (_7_ 2 ) e [ E WAy +4)
Il = "5y = ) - o 2 ’

where C is independent of z. This is the density of N(0, ﬁ)
Conditional on X = x, we have

oy  Coxp (-4 — =)
i@ - 1)

1
=C"exp (—2 (y2(1 + 22) + dyz? + 43:2)) . where ¢’ is independent of y
1+ 2?) 4yx? 42
_ C// _( 2 _
exp 5 (y + 1 +22) exp 5
(1+22) oy22 \° 162 4a?
+x Yy T X
— Cl/ _ _ o
P 2 (y s :132)> A+a22| | &P ( 2 )

2
. (1+2?) 2ya*
sCep | gy

where C* is independent of y. This is the density of N ( 1+;2’ H_lzg)

flylz) =




2. Propose a deterministic scan Gibbs sampler pseudo-code to sample from the target f.

Algorithm 2: Deterministic scan Gibbs sampler

Initialization: Pick (xg,0) € R?
Until the termination condition:

l’t+1 ~ J\]-(O7 m)

21? 1 1
~ —
N + .
Yi+1 (1+rf+1)7 (1+z?+1)

Output (20,%0),- .-, (@1, yT).

Exercise 4 (Markov chain)
For 6 € [0, 1], we consider the Markov chain on E = {1,2,3} with initial state Xo = 1 and transition matrix

3(1-0)
20 0
0

II =

0
2
1—
1

S NI

1. For what values of 0 is the chain irreducible?

The chain is not irreductible for § = 0, since P(X; = 2|Xy = 2) =1 (one cannot go from 2 to another
state different from 2 in finitely many steps).

Conversely, the chain is irreducible for 6 € (0,1/2]. Indeed, 1 communicates with every other state, 3
communicates with 2 and 2 communicates with 1 and 3.

2. Suppose § =0 and X; = 1. Compute P(X5 =1|X; = 1).

If # = 0, then
1
3 0 3
II=|10 1 0
0 1 0
We can check that
1 1 1
1 2 1
m=10 1 0
0 1 0

Therefore, P(X3 = 1|X; = 1) = 1/4.
3. Let k € {1,2,3}. Suppose 0 = % What is the almost sure limit of % Z?:l 1x,-¢?

The chain is irreducible and aperiodic, so the almost sure limit of %Z?:l 1x,=k is the invariant
probability measure m = (x,y, z) such that 711 = 1, where

=

Il
O w0l
O wl—wl—

Solving under the constraint that x+y-+2z = 1 since 7 is a probability vector, we get that 7 = (=, o=, i)



Exercise 5 (Simultaneous Gibbs = Flawed Gibbs)

Consider the distribution 7 = mx y over E = {(0,0), (0,1),(1,0), (1,1)} defined as follows

2 1
7(0,0) = R and 7(0,1) =7(1,0) =x(1,1) = £

On this state space, we consider the Markov chain (X,,) defined by the following transitions: Letting (x,y) =
(X4, Y:), draw independently

Xepr ~7xpy (ly)  and Yoo ~ayx (-] 2)

This way of moving in the state space is thus akin to a Gibbs sampler where all coordinates are updated
simultaneously (that is to say, not using the most recent updates available so far).

1. Compute the probability distributions x|y ( | y) and Ty |x ( | x) for any x,y € {0,1} and show that
Tx|y = Ty|x. Therefore, we will write

Tab = 7TX|Y(a | b) = 7TY|X(a | b)a vaab € {07 1}

Let mx and 7y denote the marginal distributions of X and Y, respectively. We have

2 1 3
7x(0) = 7x,v(0,0) + mx v (0,1) = =z
1 1 2
7x(1) =7mxy(1,0)+7xy(1,1)= -+ - = —.
5 5 5
Similarly, we can check that 7y (0) = % and my (1) = %» which imples 7x = wy. Now, for any

a,b € {0,1}, we have

'/TX\Y(a|b) = 7;(;(’5)) = :i?&;)))) = 7TY|X(a|b)-

Using the notation 7, defined above, we obtain

- 7(0,0) - 2/5 2 - 7(0,1) _ 1/5 1
WOOiﬂx(O)iﬁig WOliﬂ'x(l)iﬁii
Cow(1,0) 15 1 w11 15 1
T TN0) T35 3 ™SI 252

2. Justify that, for any z,2’,y,y’ € {0,1}, we have
P ((Xit1,Yer1) = (@, y) | (X0, V) = (2,y)) = mary Tya
By definition of the updates, we have

P ((Xes1, Vi) = (@) | (X0, i) = (2,9) = P(Xo1 =2/ | (X0, i) = (2,9) - P(Vera = ¢/ | (X0, i) = (2,9))
= mxpy (@'[y) - Ty x (¥']2)

= Tg/y Ty' -

3. Show that the transition matrix P of the Markov chain (X,,) is

(0,0) (0,1) (1,0) (1,1)
0Ol 3§ 3 5 3
SONINE S R S
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Is this chain irreducible? Is it aperiodic?

We apply the result of the previous question. We compute the first row of the transition matrix P.

Starting from the state (0,0)

2 2 4

P0,0),00,0) = (Xt+1,Yt+1 (0,0) | (X4, Y3) = )=7Too7T00=§><§=§~

1 2 2

Po,0),1,0) = (Xt—&-laYt-&-l (1,0)] (X4, Y3) = >:W107T00=§><§=§~
2 1 2

P0,0),001) = (Xt—&-laYt-&-l (0,1)] (X4, Y3) = ) Moo Mo =5 X 3 = o

1 1 1

Po,0),(1,1) = P((Xt+1aY1€+1) =(1,1)] (X, v3) = (0, 0)) =0T =3 X3 =3

The rest of the calculation follows the same lines and is omitted for brevity, but you are

to do it for yourself.

Dince every entry of this matrix is positive, the Markov chain is aperiodic and irreducible.

4. Show that the proposed algorithm does not converge to the desired probability density.

encouraged

Since the Markov Chaln is aperiodic and irreducible on a finite state space, the ergodic theorem en-

sures that - Zt 1

1(x,.v,)== converges to 7(x) as T — oo for any x € E, where 7 is the stationary

dlStI‘lbutIOH of P. To show that the algorithm does not converge to m, it suffices to prove that 7 is not
stationary for P, that is 7P # m. Let

4/9
1/3
1/3
1/4

Cy

denote the first column of P. We can simply check that #C'; is not equal to the first coordinate of m,
which will yield the result. We have

4/9
211 1\ [1/3] 47 2
ci=(2,2,2.2 _ 2=
L (575’5’5> 13|~ 1807 5
1/4

Therefore, m cannot be the stationary distribution of P, and the algorithm is flawed.

5. Show that the transition matrix P, for the Gibbs sampler with random scanning is

Verify that 7 is stationary for P,.

(0,00 (0,1) (1,0) (1,1)
(0,00 2 3 3 0
oyl 5 F 0 g
(1,0)| 1 0 < 3
(L1 | o i i 3

Is the chain reversible?



